BULLETIN 


OF THE 


AMERICAN 
MATHEMATICAL SOCIETY 


EDITED BY 
EARLE R. HEDRICK 
DAVID R. CURTISS WILLIAM R. LONGLEY 
WITH THE ASSISTANCE OF 
HAROLD T. DAVIS HARRY W. KUHN 
THEOPHIL H. HILDEBRANDT DERRICK N:- LEHMER 
JOHN R. KLINE HENRY L. RIETZ 


CAROLINE E. SEELY 


VoLuME XXXVII, NuMBER 2 


Fesruary, 1931 


PUBLISHED BY THE SOCIETY 
MENASHA, WIS., AND NEW YORK 
1931 


PustisHep MonTHLY 
Whole No. 377 $9.00 a Year 


Entered as second class matter at the post office at Menasha, Wis., under the act of 
August 24, 1912. 


PUBLICATIONS OF THIS SOCIETY 


I. THE TRANSACTIONS. To members, $6.75 ; to others, 


$9.00. 
Volumes 1-14 and 16-21: to members, $5.25; to others, 
$7.00. 
Volumes 15, and 22-32: to members, $6.00; to others, 
$8.00. 


II. THE BULLETIN. To non-members, $9.00. 
Members of the Society receive the Bulletin if they have 
paid their dues, $5.00 of which is for subscription to the 
Bulletin. 
Volumes 1-11 (and the three volumes of the Bulletin of 
the New York Mathematical Society), are out of print. 
The Society is glad to receive odd volumes or even odd 
numbers of these volumes. 
Volumes 12-36: to members, $5.25; to others, $7.00. 


III. THE AMERICAN JOURNAL OF MATHEMATICS. 
Published by this Society and the Johns Hopkins Uni- 
versity. Send orders to The Johns Hopkins Press. 

To members, $5.75; to others, $7.50. 
Complete sets (50 volumes) : $350.00. 


IV. THE COLLOQUIUM PUBLICATIONS. 
Published in December, 1930: 
S. Lefshetz, Topology, $4.50. (Volume XII of the Col- 
loquium Series.) 
To appear early in 1931: 
O. Veblen, Analysis Situs. Second edition. $2.00. (Part 
II of Volume V of the Colloquium Series.) 
For earlier issues see another page. 


Orders may be addressed to 
450-458 AHNAIP ST., MENASHA, WIS., OR 
501 WEST 116TH STREET, NEW YORK, N.Y. 


On sale also by the following official agents of this Society: 
Bowes & Bowes, 1 Trinity St., Cambridge, England. 
Hirschwaldsche Buchhandlung, Unter den Linden, 68, Berlin. 
Librairie Scientifique Albert Blanchard, 3 bis, Place de la Sorbonne, 

Paris, V, France. 
Libreria Editrice Nicola Zanichelli, Bologna, Italy, 


DIFFERENTIAL GEOMETRY IN THE LARGE* 
BY D. J. STRUIK 


1. Introduction. As a typical example of a theorem in this 
type of differential geometry we take the so-called four-vertex 
theorem. It states that every closed plane convex curve has at 
least four different points of extreme curvature. Thus the ellipse 
has exactly four such points. Since they are called vertices, we 
use that name for points of extreme curvature in general. 

Curvature is a property of differential geometry. Its exist- 
ence is established by the application of differential calculus to 
geometry. In the four-vertex theorem a relation is found be- 
tween the curvature of a general type of curve at pvoints at 
finite distance. It is obvious that the differential calculus alone 
cannot lead to such theorems; we need the integral calculus. 
Therefore, we might call this type of geometry integral geome- 
try. But it has already become customary to call it differential 
geometry in the large (Differentialgeometrie im Grossen). 


2. Proof of the Four-Vertex Theorem. We shall now give a 
proof of the four-vertex theorem, to show the nature of such 
demonstrations. We take a closed plane convex curve having 
two, and only two, tangents in every direction. We may use 
this property as a definition, and call such a curve an oval. If, 
however, we define a plane closed convex curve as a continuous 
closed curve with no more than two points in common with a 
straight line, we must investigate the relation between both 
definitions.t Still other ways can be found to define convexity. 


* An address presented at the invitation of the program committee at the 
meeting of the Society in New York City, April 18, 1930, as part of a sym- 
posium on differential geometry. 

t See A. Emch, American Journal of Mathematics, vol. 35 (1913), p. 407; 
S. Nakajima, Téhoku Mathematical Journal, vol. 29 (1928), p. 227. 
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Let r=r(s) be the vector equation of the oval, r having the 
components x and y, while s is the arc length measured from a 
point on the oval. If tand n are the unit vectors in the tangent 
and normal directions, uniquely defined by the assumption of a 
sense of direction on the oval and a sense of rotation in the 
plane, we have 

dr dt dn 


—= —=kn; —= — Ft, 
ds ds ds 


where k=1/p is the curvature. Then 


1 1 


therefore, if the integral is taken around the curve 


J rat = 0. 


Now k(s) has certainly one maximum and one minimum, if 
the oval is not a circle. If we take the origin at one of the points 
where dk=0, we see immediately from the figure that the as- 
sumption that there is only one other point for which dk=0 
leads to an absurdity. The ellipse has four vertices, therefore 
every oval has at least four vertices. 

Among the theorems closely connected with the four-vertex 
theorem we mention the following: 

On every oval there are at least three pairs of points with parallel 
tangents and equal curvatures.* 

If an oval has n vertices, a circle has at most n points in common 
with the oval. 

In space we can define an ovaloid as a closed continuous sur- 
face with two and no more than two tangent planes in every 
direction. A theorem analogous to the four-vertex theorem has 
for several years been known as the conjecture of Carathéodory. 


* W. Blaschke, Archiv der Mathematik und Physik, vol. 26 (1917), p. 65. 
G. Szegi, ibid., vol. 28 (1920), p. 183. W. Siiss, Jahresbericht der Vereinigung, 
vol. 33 (1924), Part 2, p. 32; Téhoku Mathematical Journal, vol. 28 (1927), 
p. 216. T. Hayashi, Palermo Rendiconti, vol. 50 (1926), p. 96. 


1931-] DIFFERENTIAL GEOMETRY 51 


It is that on every ovaloid there are at least two umbilical 
points. The exact formulation and demonstration here is much 
more complicated than in the plane case, but it seems that the 
proof has recently been given by Cohn-Vossen, for any closed 
analytic surface that is uniquely representable on a sphere.* 

A generalization of the four-vertex theorem for curves in 
space is also known. 


3. Affine Properties. The four-vertex theorems belong to the 
group of euclidean motions. This suggests the possibility of 
similar theorems for other groups, as the affine group, the 
Mobius group of conformal transformations, the group of analy- 
sis situs. The conception of a closed convex curve is affine, but 
instead of osculating circles we have osculating conic sections. 
The minimum number of points with stationary osculating conic 
section (the so-called sextactic points) is six.{ This is similar 
to the four-vertex theorem. There is also a theorem suggested 
by the property that a straight line, that is, a curve of zero 
curvature, has no more than two points in common with an 
oval. The curve of zero affine curvature is the parabola. The 
theorem states that if at all points of an oval the osculating 
conic section is an ellipse (so-called elliptic points), the oval has 
at most four points in common with a parabola. Another way 
to state it is that every five points on an elliptically curved oval 
lie on an ellipse.§ The osculating ellipse of an elliptically curved 
oval with maximum area encloses the given oval; that with 
minimum area lies entirely within the oval.{ 


4. Projective Properties. To differential geometry in the large 


of the projective group there belong a series of investigations 
which were started by Kneser|| in 1888 and which were con- 


* W. Blaschke, Mathematische Zeitschrift, vol. 24 (1926), p. 617; see also 
his Differentialgeometrie, vol. 3, p. 289; W. Siiss, Téhoku Mathematical Jour- 
nal, vol. 27 (1926), p. 306; St. Cohn-Vossen, Proceedings Bologna, 1928; see 
H. Hamburger, Sitzungsberichte Berliner Akademie, 1922, p. 258; Mathe- 
matische Zeitschrift, vol. 19 (1924), p. 50. 

+ W. Siiss, Téhoku Mathematical Journal, vol. 29 (1928), p. 359. 

t W. Blaschke, Leipziger Berichte, vol. 69 (1917), p.321,and Differential- 
geometrie, vol. 2, p.43. The theorem is ascribed to G. Herglotz and J. Radon. 

§ P. Bohmer, Mathematische Annalen, vol. 60 (1905), p. 256. 

§ S. Ogiwara, Téhoku Science Reports, vol. 15 (1926), p. 503. 

|| A. Kneser, Mathematische Annalen, vol. 31 (1888), p. 507; vol. 34 (1889), 
p. 204. 
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tinued by Juel.* They deal with points of inflexion, osculation 
planes, and other projective invariants. One of Kneser’s sim- 
plest results is that a plane arc free from singularities that has 
no more than two points in common with a straight line, does 
not send more than two tangents through one point of the plane. 
Juel remarks that the classification of algebraic curves in curves 
of second, third, etc., degree allows a generalization; and he 
studies the properties of plane curves that have no more than 
three, or no more than four, points in common with a straight 
line, and analogous curves in space. Such curves, if they are 
composed of a finite number of convex arcs whose tangents 
turn continuously, are called elementary curves. The maximum 
number of points of intersection with a line is called their order. 
Among Juel’s theorems we find, for example, the following: 


The number of points of inflexion of an elementary curve is 
even or odd, if the order of the curve is even or odd. 

An elementary curve of order four consisting of only one branch 
and without double points and cusps has at least one double tangent. 


Through stereographic projection the osculation circles of 
a plane curve pass into the intersections of the sphere with the 
osculation planes of the image of the curve. In this way, pro- 
jective properties may pass into metrical properties. Kneser 
found the four-vertex theorem in this manner. 


5. The Topological Group. Several types of differential ge- 
ometry in the large are known that are invariant under topo- 
logical transformations. One of the best known is the theorem 
on the curvatura integra of a closed surface of connectivity p. 
It statesf that the integral of the Gaussian curvature taken over 
the entire surface depends only on p: [Rdo=47(1—p). It is 
one of the applications of Stokes’ integral theorem, which, 
just as Gauss’s analogous theorem, may be considered as a prop- 
erty of differential geometry in the large. Extensions of this 


* C. Juel, Det danske Videnskabernes Selskabs Skrifter, 1906, p. 297; 
Jahresbericht der Vereinigung, vol. 16 (1907), p. 196; Mathematische Annalen, 
vol. 76 (1915), p. 343. At the meeting, the importance of Juel’s results was 
pointed out by S. Lefschetz. See also H. Brunn, Jahresbericht der Vereini- 
gung, vol. 3 (1892-93), p. 84. 

+ See W. Blaschke, Differentialgeometrie, vol. 1, p. 111. 
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theorem to spaces of constant curvature and of higher dimen- 
sions, are known.* 

Here belong also the theorems on the behavior in the large 
of geodesics on surfaces, the Jacobi condition, and Poincaré’s 
theorem that there is at least one closed geodesic on an ovaloid, f 
it being plausible that there are at least three. On a closed 
surface of positive curvature a point describing a geodesic 
must cross any existing closed geodesic an infinite number of 
times, so that two closed geodesics necessarily intersect.{ The 
problem of closed geodesics is of importance in dynamics, 
where it leads to periodic motions. Birkhoff and Morse have 
developed methods under which this problem, and that of 
extremals in variational problems in general, can be studied in 
more dimensions and on manifolds of different connectivity. 

The Jacobi condition for geodesics on a surface, which asso- 
ciates with a given point on a geodesic another point, called 
the conjugate point, gives rise to the theorem that the locus 
of the points conjugate to a point on an ovaloid has at least 
four cusps. On an ellipsoid there are exactly four cusps. It is 
not yet satisfactorily proved.§ 

In Riemannian manifolds of more than two dimensions 
hardly anything except local differential geometry has been 
studied. An exception might be made for a generalization of 
the theorem that only on surfaces of constant curvature curves 
of constant geodesic distance to a point (so-called distance 
circles) and curves of constant geodesic curvature (so-called 
curvature circles) are identical. Only in manifolds of constant 
curvature exist closed curvature spheres that can be contracted 
to a point without losing their property.|! 


* H. Hopf, Géttinger Nachrichten, 1925, p. 131; Mathematische Annalen, 
vol. 95 (1925), p. 340; these papers discuss the problem from the point of 
view of analysis situs. The subject was discussed from the point of view of 
differential geometry by D. J. Struik in a paper read to the Harvard col- 
loquium in the Spring of 1930. 

¢ H. Poincaré, Transactions of this Society, vol. 6 (1905), p. 237; see also W. 
Blaschke, Differentialgeometrie, vol. 1, p. 142. See A. Speiser, Vierteljahrs- 
schrift Naturforschenden Gesellschaft Ziirich, vol. 66 (1921), p. 28. 

¢ Hadamard, Journal de Mathématiques, vol. 3 (1897), p.331. See also 
M. Kerner, Mathematische Annalen, vol. 101 (1929), p. 633. 

§ Blaschke, Differentialgeometrie, vol. 1, p. 160, from Carathéodory. 

|] B. Baule, Mathematische Annalen, vol. 83 (1921), p. 286; vol. 84, p. 202. 
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6. Circles and Spheres. The properties of circles and spheres 
attracted the attention of the geometers perhaps since the 
time when the Neanderthal man looked up and saw the sky 
revolving above his head. Many attempts have been made to 
characterize these figures, either for purely scientific reasons, to 
find interesting properties, or in an attempt to express their 
perfection. We give some of those properties here. 

(a) Of all closed plane rectifiable curves of given circumference 
the circle has maximum area. 

This property has been known from antiquity, and was per- 
haps suggested by the experience of generals, who found that 
the number of troops necessary to surround a town was no 
measure for its extent. The proposition is known as the iso- 
perimetric problem, and has been the starting point for the 
finding of many inequalities on closed curves.* 

(b) The circle can be turned around in a square and always 
remain tangent to the four sides. Curves that have this property 
are called curves of constant breadth. 

(c) A needle of length less than the diameter of the circle can 
turn through an angle of 360° without hitting the circumference. 
The problem to find such curves of minimum area is called 
Kakeya’s problem. 

(d) There exists a point inside the circle for which all chords 
passing through it are equal. The same point divides all such chords 
in two equal parts. This is called the center property. The 
first property exists for many more curves, for instance the 
limagon. We call such a point a distance point. In the same 
way there exists an area point for closed surfaces. In this case, 
however, the sphere is uniquely determined by the property 
that there exists a point such that all plane sections passing 
through it are equal. The center property, however, is affine, 
and characterizes ellipses and ellipsoids. 

(e) All geodesics on a sphere are closed. Some other surfaces of 
this kind are known, both surfaces of revolution,and also others. § 


* See W. Blaschke, Kreis und Kugel, 1916; and T. Bonnesen, Les Problémes 
des Isopérimétres et des Isépiphanes, Paris, Gauthier-Villars, 1929. Both books 
contain bibliographies. 

7 S. Kakeya, Téhoku Science Reports, vol. 6 (1917-18), p. 71. 

t T. Kubota, Téhoku Science Reports, vol. 3 (1913-14), p. 235. 

§ O. Zoll, Mathematische Annalen, vol. 57 (1903), pp. 108-133; G. Dar- 
boux, Legons sur la Théorie des Surfaces, vol. 3, p. 4. 
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(f) All geodesics on a sphere are plane. 

(g) The sphere is the only surface of constant non-zero Gaussian 
curvature which is without singular lines. This might be expressed 
by saying that a sphere cannot be deformed without singulari- 
ties being formed.* For ovaloids an analogous property can be 
proved, that is, it can be shown that two continuously curved 
ovaloids, built up by analytical parts, are congruent or sym- 
metrical, if they have the same line element. If, however, a 
small part of the surface of the ovaloid is taken away, of diameter 
less than any preassigned number, infinitesimal deformations 
are possible. An analytic surface of constant negative curvature 
without singularities is impossible. ft 

An ovaloid is therefore uniquely determined (but for transla- 
tions) if the Gaussian curvature is given as a function of the 
spherical image. f 

(h) All distance circles are curvature circles. See §6. 

(i) All geodesics starting from a point pass through another 
point. An unfinished attempt to characterize the sphere by 
this property exists.§ 

(j) All circumscribed cylinders are circular cylinders. This 
property is characteristic for a sphere.{ Ovaloids of constant 
breadth show a generalization. 

(k) The sphere has constant mean curvature. Among all closed 
surfaces of unique spherical image, the sphere is characterized 
by this property.|| 

7. Intensive Study of the Preceding Properties. We shall 
study more closely some of these properties. We define the 
distance of two parallel tangents to an oval as the breadth of 
this oval at the corresponding points. Then we have for curves 


* H. Liebmann, Miinchener Berichte, 1919, p. 267. H. Weyl, Viertel- 
jahrsschrift der Naturforschenden Gesellschaft zu Ziirich, p. 40. S. Cohn- 
Vossen, Géttinger Nachrichten, 1927, p. 125. 

¢ D. Hilbert, Transactions of this Society, vol. 2 (1900), pp. 87-99. For 
discussion and precision, see L. Bieberbach, Acta Mathematica, vol. 48, p. 319. 

tH. Minkowski, Gesammelte Abhandlungen, vol. 2 (1911), p. 125. 

§ E. B. Christoffel, Werke, vol. 1, p.162. See S. Nakajima, Téhoku Mathe- 
matical Journal, vol. 28 (1927), p. 266; C. Carathéodory, Abhandlungen 
aus dem Mathematischen Seminar Hamburg, vol. 4(1926), p. 297. 

{ W. Blaschke, Differentialgeometrie, vol. 1, p. 155. 

|| M. Fujiwara, Téhoku Science Reports, vol. 3 (1913-14), p. 199. 
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of constant breadth d the following properties, several of which 
are due to Euler, who called these curves orbiform curves.* 

(a) The circumference C of such a curve =1d.7 

(b) The line connecting two corresponding points is per pendicu- 
lar to the tangent and has therefore length d. 

(c) The sum of the curvatures at corresponding points is constant. 

(d) The evolute is a curve of zero breadth, that is, a curve of 
which one and only one tangent has a given direction. An exam- 
ple is Steiner’s hypocycloid.{ And vice-versa, the involute of 
a curve of zero breadth is a curve of constant breadth. 

There exists a curious relation between the curves of constant 
breadth and Buffon’s needle problem in probability theory. 
This was, in fact, the reason that Barbier became interested. 
A needle of length / is thrown upon a table where parallel lines 
are drawn at distance a>1. Then the probability that the needle 
will hit a line is 2//(aa). If we bend the needle into two parts 
making an arbitrary angle with each other the probability 
will not change. Reasoning in this way we can see that any 
needle bent into a closed convex curve of length L will have the 
chance L/(xa) to hit a line as long as the curve can hit at 
most one line. If, however, the curve hits only one line in one 
position, and two lines in another, we can obtain a curve of 
constant breadth with the same probability of hitting. For 
this we roll the curve along one of the lines and cut off the part 
of the curve outside of the envelope formed by the different 
positions of the other parallel line on the plane of the curve.§ 

For surfaces of constant breadth, defined as ovaloids with 
their sets of parallel tangent planes at constant distance, we 
know, besides,{ that they are surfaces of constant perimeter, 


* Euler, Acta Academiae Petropolitanae pro 1778 (1781). See G. Loria, 
Spezielle ebene Kurven, vol. 1, 1910, p. 376, or Jordan-Fiedler, loc. cit. 

{ E. Barbier, Journal de Mathématiques, (2), vol. 5 (1860), p. 273. Barbier 
mentions Puiseux as interested in these curves. Euler mentions properties 
(b) and (d). 

t See also W. Blaschke, Mathematische Annalen, vol. 76 (1915), p. 504. 

§ This reference to the needle problem was given, in the discussion, by 
O. Ore, who suggested, following Barbier, generalizations where the curve 
can roll not between two parallel lines but between more general curves. 

§ H. Minkowski, Gesammelte Abhandlungen, vol. 2, p. 277. The inverse 
property is also true; see W. Blaschke and G. Hessenberg, Jahresbericht der 
Vereinigung, vol. 26 (1918), p. 215. 
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which means that the tangent cylinders have cross sections 
of constant area perpendicular to the generating lines. Such 
surfaces do not, as a rule, have an area=7d?, as the analogy 
with the plane might suggest. This was discovered by Barbier, 
who showed, besides, how we can obtain an infinite number of 
such surfaces. 

A generalization of curves of constant breadth can be ob- 
tained by studying curves that can turn around in a given 
regular convex polygon, always remaining tangent to the sides. 
All such curves inscribed in a polygon of sides have the same 
circumference, and at least 2(m—1) vertices.* For space curves 
of constant breadth see §9. 

Curves possessing a distance point were investigated in a 
study on the geometrical form of leaves. They can be con- 
sidered as conchoids with respect to themselves. For a similar 
reason curves of constant breadth are their own parallel curves. 

Among the chords of a closed curve in a certain direction, 
there are one or more of maximum length if the curve is an 
oval. At the end points of such extremal chords the tangents 
are parallel. Comparing all extremals in different directions, we 
have one or more of extremal length. For such a chord the tan- 
gents at the end are perpendicular.{ 

Kakeya’s problem has different answers for different cases. 
An oval satisfying its condition is the equilateral triangle.§ 
If we ask for continuous curves only, a solution is Steiner’s 
hypocycloid. But it can be shown that there are point sets 
of arbitrarily small Jordan measure, in which a line-segment of 
given length can turn through 360°. Here there is, of course, 
no longer continuity.] 

8. Inequalities. A great number of properties of ovals are 
inequalities. The starting point of the investigation was the 
tsoperimetrical inequality between the circumference C and 


* M. Fujiwara, Téhoku Science Reports, vol. 4 (1915), p. 44. 

+ B. Habenicht, Die analytische Form der Blétter (Quedlinburg, 1905); 
Beitrige zur Mathematischen Begriindung einer Morphologie der Blatter (Berlin, 
1905); see G. Loria, loc. cit., p. 369. 

t Hayashi, Téhoku Mathematical Journal, vol. 22 (1923), p. 387. 

§ J. P4l, Mathematische Annalen, vol. 83 (1921), p. 311; compare W. B. 
Ford, this Bulletin, vol. 28 (1922), p. 45. 

q A. S. Besicovitch, Journal of the Mathematico-Physical Society of Perm, 
vol. 2 (1920); Mathematische Zeitschrift, vol. 27 (1928), p. 312. 
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the area A of a closed curve: 47A SC’, where the sign = only 
holds for the circle. The analogous property for solid bodies is 
36x V2<A?, where V is the volume, A the area, and the sign = 
only holds for the sphere.* 

Another simple inequality for ovals is rD=>C, ASC. Here 
D is the maximum distance between two parallel tangents, 
sometimes called the diameter. The minimum distance A is 
sometimes called the thickness. The sign = holds for curves 
of constant breadth. f 

Another inequality, valid if the oval has a curvature defined 
at every point, is 


to 
IIV 
lA 


where R and r are the maximum and minimum radii of cur- 
vature,{ and 
A> 2r, DS 2R, 4D? =>C? — 4nA.§ 
There are other inequalities, sharper than those just mentioned.{ 
In affine geometry there are inequalities expressing the iso- 


perimetrical property of ellipse and ellipsoid. The principal 
ones are for ovals: 


2 C}’, 


where C; is the affine length of the oval 


and for ovaloids: 
127V = A?, 


where A; is the affine area of the ovaloid 


* T. Bonnesen, Mathematische Annalen, vol. 95 (1926), p. 267. 

+ A. Rosenthal and O. Szasz, Jahresbericht der Vereinigung, vol. 25 
(1910). W. Blaschke, Leipziger Berichte, vol. 67 (1915), pp. 290-298. 

t A. Hurwitz, Annales de l’Ecole Normale, (3), vol. 19 (1902), pp. 357-408. 
W. Blaschke, Kreis und Kugel, 1916. 

§ T. Kubota, Tohoku Science Reports, vol. 13 (1924-25), p. 14. 

§ T. Kubota, Téhoku Science Reports, vol. 12 (1923-24), p. 45; S. Fuka- 
sawa, Téhoku Mathematical Journal, vol. 26 (1920), p. 27. 
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A, = EG — F? ;)dudz, 


where ds?=Edu?+2 Fdudv+G dv*.* 

The derivation of these inequalities can be closely connected 
with the conception of mixed area and mixed volume. Take, 
for instance, two ovaloids, 0;, Oz, given by the vectors, ri, fe. 
Then the vector r=Arityure, AZO, w20, determines a third 
ovaloid Ow. Its volume V(A, wu) can be expressed as a cubic 
form in X, p, 


Here Vii, Vox2 are the volumes of O,,, O2, and the two quantities 
Vir, Vieg are called the mixed volumes of O;, O2. Then we have 


= 229; 


IV 


ind 122, 


and hence 

= 222, 
where the sign = only holds if O,, O. are similar and in similar 
position. If O2 is the unit sphere, the last equality gives the 
isoperimetrical property of the sphere.{ 


9. Space Curves. Closed space curves have, thus far, not had 
the attention that we might expect. Still, some interesting 
properties have been detected, of which we shall mention a few. 

A space curve of constant breadth can be obtained by taking 
a closed curve whose normal plane at a point P has only one 
more point Q in common with the curve, and for which PQ is 
constant. For such curves PQ is also normal at Q; the chords 
PQ form a one-sided surface. Such a curve lies on a surface of 
constant breadth.f 

It is also possible to define curves of constant breadth on 
the sphere,§ or in conformal geometry sets of «! circles in the 
plane having constant conformal breadth.§ 


* See Blaschke, Differentialgeometrie, vol. 2; also R. Zindler, Wiener Be- 
richte, vol. 130 (1929), p. 289. 

t See H. Minkowski, Gesammelte A bhundlungen, vol. 2, p. 250. 

t M. Fujiwara, Téhoku Mathematical Journal, vol. 5 (1914), p. 731; 
voi. 8 (1915), p. 1; W. Blaschke, Leipziger Berichte, vol. 66 (1914), p. 171. 

§ W. Blaschke, Leipziger Berichte, vol. 67 (1917), p. 290. 

T. Takasu, Téhoku Science Reports, vol. 17 (1928), pp. 273, 345. 
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The spherical image of a closed space curve on the unit sphere 
is a closed spherical curve. It is intersected by every great 
circle.* If it has at most one double point, the torsion must 
change its sign, if it does not vanish identically. f 

The total curvature fkds of a closed space curve is 227, 
where the sign = holds only for plane convex curves. The 
quantity is the (first) curvature of the curve. 

If k= constant, we call the curve a skew circle. If we con- 
sider skew circles of k=1 that are not closed, the angle a be- 
tween an arc of length 1<-z and its chord is <//2, the sign 
= only holding for an arc of the unit circle.f 


10. Other Theorems on Ovals. Some curious theorems on ovals 
deal with the so-called curvature centroid (Kriimmungsschwer- 
punkt) of plane curves. It is the point in the plane defined by 
the radius vector /rdd. As integrals along the curve 


rds 
rap = — 


“0 Pp 


it can be defined as the center of gravity of the curve if it were 
loaded with a mass distribution proportional to the curvature. 
Then we have the following two theorems. 

The point with respect to which the pedal curve of an oval is a 
minimum is the curvature centroid.§ 

If instead of looking for the center of gravity of the loaded 
curve we ask for the moments of inertia, we find a tensor {rrdd. 
The two principal axes, determined by this tensor, may be called 
curvature-axes.{ Some properties of ovals with respect to such 
axes have been found. 

Some other curious theorems on ovals are those dealing with 
inscribed or circumscribed figures. In an oval at least one 
square can be inscribed. At least two similar rectangles can 


* K. Léwner, in Polya-Szegié, Aufgaben und Lehrsdtze, vol. 2, 1925, pp. 165, 
391. 

t W. Fenschel, Mathematische Annalen, vol. 101 (1929), p. 239. 

tH. A. Schwarz, in Blaschke, Differentialgeometrie, vol. 1, p. 47. Here 
occur more theorems on these circles. 

§ J. Steiner, Gesammelte Werke, vol. 2, p. 99. 

{ B. Su, Téhoku Science Reports, vol. 17 (1928), p. 35, calls curvature 
axis the axis with respect to which the moment of inertia is a minimum. 
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be inscribed.* The same holds for circumscribed figures. 
About an ovaloid a single infinity of cubes can be circumscribed, 
the points of contact forming continuous curves. In the case 
of an ellipsoid these cubes are congruent.{ A certain similarity 
to these theorems is shown by the following theorem, which 
holds for any closed rectifiable curve. 

There exists always at least one set of four points on the circum- 
ference of a closed curve that lie on a circle and divide the circumfer- 
ence in four equal parts. 

There are many generalizations of this theorem. For a space 
curve, for instance, we can prove that a similar property holds 
for four points in a plane.§ Finally, if two congruent closed 
plane curves without multiple points coincide with each other, 
when they have three points in common, they must be circles. § 


11. History of the Subject. The history of this subject leads 
from Zenodor via some occasional work of Euler and Steiner 
to the end of the nineteenth century. The first important work 
on convex figures was by Brunn.|| Then came Minkowski’s 
monumental work.** An interesting little book on plane convex 
curves was written by Jordan and Fiedler.f{{ Minkowski’s work 
has been continued by Blaschke, who showed the beauty of 
differential geometry in the large in many papers and in three 
books.f{{ Under his influence not only many German authors 
wrote on such subjects, but also the present school of Japanese 
geometers. 

The importance of differential geometry in the large was 
first, so to speak, officially recognized in this country in an 


* A. Emch, American Journal of Mathematics, vol. 36 (1913), p. 407; 
this Bulletin, vol. 20 (1913), p. 27. 

¢ S. Kakeya, Téhoku Mathematical Journal, vol. 9 (1916), p. 163. 

t T. Hayashi, Tohoku Science Reports, vol. 3 (1913-14), p. 15. 

§ Communication to the author by A. Kawaguchi. 

{ T. Kajima, Téhoku Mathematical Journal, vol. 21 (1922), p. 15; T. 
Kubota, ibid., p. 21. 

|| Brunn, Dissertation, Miinchen, 1887; Miinchener Berichte, 1894, p. 102. 

** H. Minkowski, Gesammelte Abhandlungen, vol. 2, p. 131. 

tt Jordan-Fiedler, Contributions I’ Etude des Courbes Convexes Fermées, 
Paris, Hermann, 1912. 

tt W. Blaschke, Kreis und Kugel, 1916; Differentialgeometrie, vol. 1, and 
vol. 2. These books contain many references to the iiterature. 


62 D. J. STRUIK [Feb., 


address by Kasner to this Society.* Later came two papers 
by Emch. A report on the subject has been published by 
Ball.f The most important contributions to this part of 
geometry have resulted, in this country, from the work of 
Birkhoff and Morse. Their starting point, however, is not the 
same as ours; it is the application of the calculus of variations 
to dynamics. 


12. Conclusion. The results so far obtained in differential 
geometry in the large are not very systematic. The demon- 
strations often carry an ad hoc character. But they have a 
striking simplicity which is both charming and stimulating. 
Their way of discovery, their demonstrations, their general 
character belong to geometry in its most genuine form. It is 
certainly not true that the rococo time alone has had the privi- 
lege of elegance in its mathematical discoveries. It is not true 
either that the end of the romantic age of the Holy Alliance has 
witnessed the end of geometry in its best sense. The work of 
Minkowski, Blaschke and others is not the feeble work of epi- 
gones. If we consider also the splendid development of local 
differential geometry since the discovery of pseudospherical 
displacement, it certainly seems as though we were not a 
hundred years from a heroic age of geometry,but rather just in 
the midst of another one. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


* E. Kasner, this Bulletin, vol. 11 (1904-05), p. 283. 
{ N. H. Ball, American Mathematical Monthly, vol. 27 (1930), p. 348. 


1931.] DIRICHLET SERIES 63 


NOTE ON THE NUMBER OF LINEARLY INDEPEND- 
ENT DIRICHLET SERIES THAT SATISFY 
CERTAIN FUNCTIONAL EQUATIONS* 


BY J. I. HUTCHINSON 


In a paper published in the Transactions of this Society, 
I have determined for each positive integer a the conditions on 
the coefficients of certain linear combinations of the Dirichlet 
series 


(av+b)~, (b=1,---, a—1), 


in order that the function f(s) thus determined shall satisfy 
one or another of the four functional equations 


(I) and (II): f(s) = + (=) sin = as 


(IIT) and (IV): f(s) = + (=) cos = 
a T 


Three cases had to be considered; 1: @=2 (mod 4), which was 
completely solved; 2: a=4g; 3: a=2m+1. These two cases 
were carried so far as to determine the roots of the character- 
istic equations D(k) =0 and the probable multiplicities of these 
roots. As the multiplicity of each root determines the number 
of linearly independent functions f(s) that satisfy a given one 
of the equations (I),---, (IV), it is evidently important to 
give a precise solution of the problem. 

This seems all the more desirable, since the problem was 
first solved for the case a a prime number, by E. Cahen in 
1894,f and needs only to be completed in the one respect 
indicated to have a complete and rigorous solution for every 
positive integer value of a. 


* Presented to the Society, September 9, 1930. 

t Properties of functions represented by the Dirichlet series > (a +b)~, 
or by linear combinations of such series, vol. 31 (1929), pp. 322-344. I shall refer 
to this paper briefly by T. 

t Annales de I’Ecole Normale, (3), vol. 11; in particular, pp. 137-154. 
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The solution is very simple and consists in observing that the 
sum of the roots of D(k) =0 [T, pp. 333-339] is, in every case, 
dic} for the (A) equations [T, p. 332] and }°s> for the (B) 
equations [T, p. 336], 


Cy = COS sin 
a a 


These may be evaluated by Gauss’ sums. 
To illustrate: In case 2, a=4g, we have* 


/a 


1 
= —1 


The roots of D(k) are [T, p. 338] 0, —1, both simple, and 
Va/2, —/a/2 of multiplicities which we will denote by p and 
n respectively. Then, 


sum of roots of D(k)=0—1+4(a)!/*(p—n) 


Moreover, since the degree of D(k) is 2g—1, we have 

The solution of these two equations gives 


which agree with the conjectured values [T, p. 328]. 
All the other cases may be treated in a similar manner and 
verify the results previously indicated without proof. 


CoRNELL UNIVERSITY 


* See, for example, E. Landau, Vorlesungen iiber Zahlentheorie, vol. I, p. 
153. 
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MODULAR INTERPOLATION* 
BY E. T. BELL 


1. Interpolation mod m. Let m be a constant integer >1, and 
let 1, °-- ,.7, denote s distinct constant integers such that 


Let ki, --- , ks represent any s constants. It is required to con- 
struct a function f(x) which is defined when 0<x=r; mod m, 
(t=1,---,s), and which is such that 
(1) f(x) = ki, when x =r; modm, (i =1,---,5). 


This f(x) will be called a modular interpolation function for 
+, mod m. Such functions occur frequently in the 
theory of numbers, and are usually constructed “by inspection.”’ 
A straightforward method of constructing f(x) in (1) is required, 
as “‘inspection”’ is impracticable in only moderately complicated 
instances. 

There obviously is no loss of generality in assuming x >0 as 
above. For, if x were <0, a congruence x=r; mod m could be 
replaced by —x=m-—r; mod m, which is the previous case. 

The general formula for f(x) in §3 in its unreduced form is as 
simple as Lagrange’s for ordinary interpolation. The final re- 
duced polynomial forms of modular interpolation formulas have 
(in general) simpler coefficients than their correspondents in 
ordinary interpolation. This is due to reduction by the proper 
moduli, which has no analog in the ordinary case. 


2. Notation. The notations of §1 for m, s, ri, ki and the fol- 
lowing are fixed throughout the paper. We write ¢(m) =7, the 
number of integers Sm and prime to m; u(1) =1, u(m) =0 if m is 
divisible by a square>1, u(m) =1 or —1 in the contrary case 
according as m is the product of an even or an odd number of 
primes (Mébius’ function). The totitives (positive integers <m 
and prime to m) of m are denoted by 4:=1, #,---,#,. The 
polynomial in y of degree r whose roots are the 7 primitive mth 
roots of unity is denoted by P(y), 


* Presented to the Society, November 29, 1930. 
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2) PQ) = = y tay +--+ +a, 


the product referring to all pairs (d, 6) of positive divisors of m 


such that m=dé. The coefficients a;, - - - , a; are rational in- 
tegers. 
If p is any root of P(y) =0, all the roots are p¥(j=1,---,7), 


and if u, v are integers, p*=p* when and only when u=v mod m. 
If in any formula containing p it is desired to express every- 
thing in terms of m, it is convenient to replace p by the particular 
root exp (27i/m). 
Any rational function A(p) of p is uniquely reducible to a 
polynomial in p of degree r—1 with rational coefficients. If this 
polynomial is R(p), we shall write 


(3) A(p) = R(p) mod P(p). 
3. Unreduced f(x). Write as definitions of Q(y), Qi(y), 


Oy) = 0), Oy) = 0”). 
i=1 
Denote by Q’(z) the result of putting y =z in the derivative 
Q’(y) of O(y) with respect to y. Then f(x) in (1) is 
ky 
For f(r;) =k;, obviously, and f(x) has the required periodicity 
mod m. We may write in a form more convenient for reduction 
to a polynomial in p’, 


ky 
5) (x) = 
(5 f x) Q y) (y p ) 


No Q’(p"%) =0, since Q(y) has no repeated root. 


4. Reduced f(x). At any stage of the following any exponent 
of p may be replaced by its least positive residue mod m, since 
p™=1. If m is even, p”/?=—1, and further immediate reduc- 
tion is possible. The coefficients of the several powers of y will 
in general be polynomials in p; these are reduced as in (3). 
Write 


t—1 
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Then (5) becomes 

(6) D(o) f(x) = 

t=1 
In this the D(p), Di(p) are polynomials in p with rational inte- 
gral coefficients, and the Q;(y) are polynomials of degree s—1 in 
y whose coefficients are polynomials of the same kind as the 
D(p), Di{p). We may assume that all polynomials in p in (6) 
have been reduced as indicated modulis P(p), p"—1 (or p”/?+1 
if m is even), so that all are now of degree <7r—1 in p. If m=2 
the rest of the reduction is obvious. If m>2, then 7>1. Mul- 
tiply throughout by D(p*%) - - - D(p't). The coefficient of f(x) 
is then a symmetric function of the roots of P(y) =0, and hence 
is a rational integer, say r. The new right-hand member is now 
multiplied out, reductions by the two moduli being performed 
as convenient. The final result is 


s—1 
(7) rf(x) = (y = p*), 

where the R;(p) are polynomials in p of degree £7t—1 whose 
coefficients are linear functions of k;, - - - , k, with rational in- 
tegral coefficients, and r is a rational integer. 

Equality being stronger than congruence, either of (5), (7) is 

a solution of 


(8) f(x) = when x=r;modm, (i =1,---,5), 


the m;, k; being now given constant integers, the m; different 
from zero. 


5. Example. Take m=8, s=4, (rn, re, rs, 14) =(1, 3, 5, 7), 
(Ri, ke, Rs, ks) =(1,—1, —1, 1). The f(x) then defined by (1) is 
the quadratic character (2 |x), x odd. Here (2) is P(y) =y*+1, 
and p?=1, pt=—1. In §3 we have Q(y) =P(y); hence we have 
also Q’(y)=4y*, and reduction of (5) gives (7) in the form 
2f(x) =p(p?—1)p*(p?*—1). In trigonometric form this gives 


) si x... BE 
x) = — 2i**! sin — sin — , 
4 4 
where 7=(—1)!/?. 
6. A Special Reduction. When s =r (see §2) and (n, - - - , rz) 


=(t,--.-,¢,), the polynomials P(y) in (2) and Q(y) in §3 are 
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identical. In this case, which is of frequent occurrence, particu- 
larly in connection with power residues, a special reduction is 
sometimes useful. 

Let x20 be an integer. Then 


(9) = fo(x) + pfi(x) + --- +p 


where the f;(x) are uniquely determined rational integers. If 
x were <0, we should write p-*=p*"-*, h=the least positive 
integer such that hm —x20, thus reducing this case to the for- 
mer. 

The 7 sequences 


(10) fx), (x = 0,1,---;%#=0,---,7— 1), 
have the characteristic equation P(y) =0, 

(141) fix +7) =0, 

with the initial values 

(12) = 5:3, = 0,1,---,7—- 


where 6;;=1 if 7=7, 6;;=0 if 747; whence the f;(x) can be calcu- 
lated by recurrence. This is often shorter than division by 


P(p). 
The general solution of (11), for x restricted to integral values 
(not necessarily positive), is 


f(2) + + Crp‘, (z = 0, 2; 
Replacing z by z+™m, we see that 
(13) f(z +m) = f(2), 


since p™=1. Hence in particular the f;(x) have the period m. 
If m is even it follows in the same way that 


(14) f(z + m/2) = — f(z). 
It is easily seen by a simple contradiction that p=m,qg=m/2 
are the least positive integers such that 
p) =f@, fe+ = 


Hence m is the true period in (13), and m/2 the true half period 
in (14). 
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NOTE ON THE CONVERGENCE OF A SEQUENCE OF 
APPROXIMATING POLYNOMIALS* 


BY DUNHAM JACKSON 


Various results have been published, by the present writer 
and others, with regard to the convergence of sequences of 
approximating polynomials defined by minimizing an integral 
of the form 


b 
(1) f p(x) | f(x) — P,(x)|” dx, 

in which f(x) is a function defined and continuous for a<x<b, 
and subject to such further hypotheses as the particular con- 
vergence proof in question demands, p(x) is summable and non- 
negative over the interval, m is a given positive number>1, 
and P,(x) is a polynomial of the mth degree (this expression 
being understood throughout to mean a polynomial of the mth 
degree at most). The proof of convergence as m becomes infinite 
is most easily obtained if p(x) has a positive lower bound, at 
least over an interval containing the point at which convergence 
is to be shown.{ The author has briefly discussed for the cor- 
responding trigonometric case the question of convergence at a 
point at which the weight function vanishes, under certain 
restrictive hypotheses as to the manner of vanishing.{ The 
purpose of this note is to point out that if f(x) is analytic in a 
sufficiently extended region of the complex plane the conditions 
relative to the vanishing of p(x) can be greatly generalized. Jt 
is sufficient that p(x) (supposed summable and non-negative 
over the interval of integration) be different from zero over a set 
of positive measure, or in other words that 


b 
p(x)dx > 0. 


* Presented to the Society, September 9, 1930. 

t See, for example, D. Jackson, The Theory of Approximation, New York, 
1930, pp. 96-101. 

tA generalized problem in weighted approximation, Transactions of this 
Society, vol. 26 (1924), pp. 133-154; see pp. 153-154. See also the paper by 
Shohat in the Mathematische Annalen cited below. 
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An existence proof for the approximating polynomial can be 
given without difficulty. Close restrictions on f(x) are irrelevant 
for this purpose; it is sufficient that f(x) be bounded and 
measurable. The exponent m furthermore may be any positive 
number, not necessarily greater than unity. A discussion by 
the author for the case of trigonometric approximation* can be 
adapted immediately to prove the existence of a minimizing 
polynomial in the present problem, if p(x) is bounded and 
measurable. It remains to show that the conclusion holds 
whenever p(x) is summable. f 

The transition is almost immediate. Whether p is bounded 
or not, the value of the integral (1) is a continuous function of 
the coefficients in P,(x). For bounded p, the existence proof 
consists essentially in showing that if an upper bound is as- 
signed for the value of the integral, an upper bound is thereby 
imposed on the coefficients, so that the problem is solved by 
the theorem on the minimum of a continuous function in a 
closed region. If p is unbounded, let N be a positive number 
such that 0<p(x) SN over a point set of positive measure; the 
fact that there is such an JN is assured by the hypotheses that 
have been laid down. Let a function py(x) be defined as equal 
to p(x) at points where p<N, and let py(x)=N where p2N. 
If an upper bound is assigned for the integral (1), the corre- 
sponding integral with p replaced by py can not exceed this 
upper bound, since py Sp everywhere, and application of the 
previous reasoning to the integral with the bounded function 
py yields an upper bound for the coefficients in P,(x). The 
proof is then completed as before. 

Under the assumption that m>1, the polynomial reducing 
the integral to its minimum is uniquely determined for each 
value of n. This may be deduced, as in similar situations else- 
where, from the observation that if two different polynomials 
give the integral the same value their average gives it a smaller 
one. 


* Transactions of this Society, loc. cit., pp. 133-139. 

+ A_somewhat different proof for the case m21 is given by J. Shohat, 
On the polynomial and trigonometric approximation of measurable bounded 
functions on a finite interval, Mathematische Annalen, vol. 102 (1929), pp. 157- 
175; pp. 160-161. See also J. Shohat, On the polynomial of the best approxima- 
tion to a given continuous function, this Bulletin, vol. 31 (1925), pp. 509-514. 
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Let it be supposed now that f(x) is continuous for a<x 3b. 
(This hypothesis will presently be replaced by a still more 
restrictive one.) For any specified m>1, and for each value of 
n, let P,(x) be the particular polynomial of the mth degree 
which minimizes the integral (1). As a general notation, let 
the symbol [y],—1 represent the value 0 if y=0, and the quan- 
tity ly if so that [y],-1 has the absolute value of 
ly | m1 and the algebraic sign of y itself. Then, if Q,(x) is any 
polynomial of the nth degree, 


6 
(2) — = 0. 


The proof is an immediate generalization of one given by the 
writer elsewhere.* The generalization consists in the admission 
of the weight function p(x), which was not present in the earlier 
discussion cited. Its presence, however, makes no difference in 
the argument, if it is noted that the elementary sufficient 
condition for differentiating under the sign of integration can 
be replaced by the assertion that 


a 


d b b 
J ox) (x, 9)dx = f 


provided that ¢ and ¢, are continuous functions of both vari- 
ables and p(x) is summable. 

This being granted, the reasoning proceeds as follows. If 
f(x) —P,,(x) does not change sign at least times in (a, 
a polynomial Q,(x) of the mth degree can be constructed so as 
to have the same sign as f(x)—P,(x) at all points where 
f(x) —P,(x) #0. The integrand in (2) then is positive or zero 
over the whole interval, and positive at all points where p(x) 
and f(x) —P,(x) are both different from zero. Since the value 
of the integral must be zero, the integrand must vanish almost 
everywhere, and f(x)—P,(x) consequently must vanish wher- 
ever p(x) ~0, with the exception of a set of zero measure at most. 
As p(x) by hypothesis is positive over a set of positive measure, 
f(x) —P,(x) must vanish throughout a set of positive measure, or 
else change sign at least n+1 times in the interval. 


* On functions of closest approximation, Transactions of this Society, vol. 
22 (1921), pp. 117-128; pp. 122-124. 
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Let it be assumed finally that f(x) is analytic for aSxZb, and 
analytic furthermore throughout a circle of the complex plane hav- 
ing its center at the middle point of the interval, and a radius greater 
than three times the half-length of the interval. If P,,(x) is equal to 
f(x) at all points of a set of positive measure, it is equal to f(x) 
identically; in other words, f(x) is itself a polynomial of the mth 
degree, and is its own polynomial of best approximation, of the 
nth or any higher degree. In the contrary case, P,,(x) is equal to 
f(x) for at least n+1 distinct values of x in (a, 6). This condition 
being fulfilled for each value of m, a well known argument* 
shows that P,(x) converges uniformly toward f(x) throughout a 
circle of the complex plane containing the interval (a, 6) in its 
interior.t The hypothesis that f(x) is analytic throughout a 
smaller circle gives convergence in a correspondingly more re- 
stricted region. 

The method is applicable also if the approximating poly- 
nomial is subjected to auxiliary conditions, of the sort discussed 
by the author in a previous paper,{ the weight function re- 
taining the degree of generality admitted here. 


THE UNIVERSITY OF MINNESOTA 


* See, for example, D. Jackson, On the approximate representation of analytic 
functions, this Bulletin, vol. 34 (1928), pp. 56-62, and references there to 
Hermite and Runge. 

+ By a slight modification, the convergence proof can be made to apply for 
0<m3S1 also. For in any case (the function f(x) being analytic) the multi- 
plicities of the roots of the remainder f(x) —P,,(x) on (a, 6) must add up to at 
least n +1, if P(x) is any polynomial reducing the integral (1) to its minimum 
value, since otherwise a polynomial Q,(x), of the mth degree at most, could 
be constructed so as to have roots at the same points with the same multi- 
plicities, and the same sign as the remainder where the remainder is different 
from zero; and then [f(x)—P,(x)]/Qn(x), defined by continuity at the points 
where numerator and denominator vanish, would be positive over the whole 
interval and have a positive minimum hk there; and the subtraction of hQ,(x) 
would diminish the magnitude of the remainder at all points where it does not 
vanish, and would diminish the value of the integral. The count of multi- 
plicities being sufficient for the proof of convergence, the conclusion is obtained 
as before. (Note added October 17, 1930.) 

t This Bulletin, loc. cit 
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ON A FUNCTION CONNECTED WITH 
A CUBIC FIELD* 


BY LEONARD CARLITZT 


By examining the functional equation of the zeta function and 
similar functions of an algebraic field, Heckef{ has indicated a 
mode of constructing three types of modular forms. The first two 
types, associated with the rational Dirichlet L-functions and 
the Dedekind zeta function in an imaginary quadratic field, re- 
spectively, were already known. The third type, associated 
with a real quadratic field, was new. 

Following Hecke, we construct in this note a certain function 
associated with a cubic field of negative discriminant. Let K 
denote such a field, and let {x(s) be the zeta function in this 
field. Then as Artin§ has shown, (x(s)/¢(s), the quotient of this 
function by the Riemann zeta, is an entire function of s. Indeed 


(1) = 


where LZ, and L, are L-functions in the imaginary quadratic field 
generated by the square root of d, the discriminant of K. 
If we define G(m) by 
=. G(n) 


= 


then the function we shall consider may be exhibited as 


M(y) = > 
1 


I(y) > 0, A=|d|12>0. 


Using a well known formula of Mellin, || 


* Presented to the Society, November 29, 1930. 

{ National Research Fellow in Mathematics. 

t Zur Theorie der elliptischen Modulfunktionen, Mathematische Annalen, 
vol. 97 (1926), pp. 210-242. 

§ Uber die Zetafunktionen gewisser algebraischen Zahlkérper, Mathematische 
Annalen, vol. 89 (1923), pp. 147-156. 

|| Mellin, Abriss einer einheitlichen Theorie der Gamma- und hypergeometri- 
schen Funktionen, Mathematische Annalen, vol. 68 (1910), pp. 305-337. 
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1 
I'(s)ds, 


2ri 


1 — 2ryi\-* 
M(y) = — > ) ds 
1 A n* 


1 — 2ryi\" CK 
= — P(s)-~(s)ds, 
2r1 A 


the interchange of integration and summation is easily justified. 
We now consider the integral of 


— 2xyi\"*_ Sx 
T(s)-=(s) 
A 


taken in the positive direction around the rectangle of vertices 


+ Ai, A> 6. 


Since {x/¢ is integral and since {x has a zero* at s=0, the in- 
tegrand is regular within and on the boundary of the rectangle. 
Furthermore, using (1) andT 


O(t*), (i 1, 2), 
» 1 e 
s=o+ 4, rt 

Ly = O(#) fo 

S$) ) ro= 


we see that the integrals along the vertical boundaries will con- 
verge and those along the horizontal boundaries will approach 
zero when A becomes infinite.t Therefore 


* Landau, Einfihrung in die elementare und analytische Theorie der alge- 
braischen Zahlen und der Ideale, 1918, Satz 155. 

¢t Landau, Ueber Ideale und Primideale in Idealklassen, Mathematische 
Zeitschrift, vol. 2 (1918), p. 106. 

t See Landau, Vorlesungen iiber Zahlentheorie, vol. 1, 1927, p. 215. 
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Substituting in (3), we find that 


1 3/2+007 —2ryi s—lj A 2s—1 
M(y) = — (= T'(s)—(s)ds 
Qri 3/2—c04 A 


&) 


— yi wi 


Comparing this with (2), we see at once that 
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which is the property of M(y) sought. 
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PENOSCULATING CONICS OF A PLANE CURVE* 
BY J. W. LASLEY, JR. 


1. The Penosculating Parabolas. There is a one-parameter 
family of parabolas on three non-collinear points of a plane 
curve. If two of these three points approach a third point at 
which the tangent to the given curve is well-defined and the 
curvature is definitely non-vanishing, there is determined a one- 
parameter family of penosculating parabolas at the point. Abel 
Transont found that the directrices of these parabolas all pass 
through a point on the normal to the curve at the given point 
P on the convex side of the curve whose distance from P is equal 
to one-half the radius of curvature. He found that the locus of 
the foci of these parabolas is a circle whose diameter is that half 
of the radius of curvature that terminates at P. Transon ob- 
tained a construction for one of the parabolas, the osculating 
parabola. We shall now generalize this construction so as to 
make it applicable to any parabola of the family. 

For this purpose we shall associate with each parabola of the 
pencil a line on P, parallel to the axis of the parabola. We shall 
call this line the axis parallel, and the pencil of lines to which 
it belongs the axis pencil. To each line of the axis pencil there 
corresponds a unique parabola of the pencil of penosculating 
parabolas except in the case of the tangent to the given curve. 
We shall make correspond to this tangent the degenerate parab- 
ola consisting of that tangent counted twice. In this way we 
have set up a one-to-one correspondence between the parabolas 
of the pencil and the axis parallels. In this correspondence there 
corresponds to the normal as an axis parallel a parabola whose 
axis is that normal, whose tangent at its vertex is the tangent 
to the given curve, and whose focus is the center of the circular 
locus of the orthogonal projections of the center of curvature on 
the axis parallels. 

To construct a parabola of the pencil of penosculating parab- 
olas we proceed as follows. Project orthogonally the center of 
curvature C of the given curve at P upon the axis parallel @ cor- 


* Presented to the Society, February 28, 1931. 
t Journal de Mathématiques, vol. 6 (1841), p. 191. 
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responding to this parabola, obtaining the point D. Project or- 
thogonally D upon the normal at P into a point E. The line on 
E parallel to a is the axis of the required parabola. The focus of 
the parabola will lie on a line s through the point P which makes 
with the normal an angle equal to that made by the axis parallel 
a, but on the opposite side. This line s we shall call the sym- 
metric line for the axis parallel. The focus is then the point of 
intersection F of the axis of the parabola and the symmetric 
line. Let A be the point on the normal at P on the convex side 
of the curve whose distance from P is equal to one-half the 
radius of curvature. The directrix of the parabola is the line on 
A perpendicular to the axis of the parabola. The focus and 
directrix of the penosculating parabola having been located, its 
construction may now be regarded as complete. Of course, the 
locus of intersections of the axis parallels and corresponding di- 
rectrices is a circle tangent to the given curve at P. This circle 
has a diameter equal to one-half the radius of curvature, and is 
consequently the reflexion in the tangent of the circular locus 
of foci of penosculating parabolas. If in the foregoing construc- 
tion for any penosculating parabola the axis parallel is taken to 
be the axis of aberrancy of Transon, we obtain the osculating 
parabola. That the construction can be generalized by having 
the axis parallel play the role of the axis of aberrancy seems not 
to have been noticed. 


2. The Penosculating Equilateral Hyperbolas. There is also at 
P a one-parameter family of penosculating equilateral hyperbo- 
las obtained from the pencil of equilateral hyperbolas on three 
non-collinear points of a given curve by letting two of the three 
points approach the third. These hyperbolas seem to have re- 
ceived practically no attention. Cesaro* obtained for one of 
them, the osculating equilateral hyperbola, a canonical form for 
its equation referred to a local reference frame. We shall extend 
the correspondence outlined above so as to include these hyper- 
bolas and give a construction available for any penosculating 
equilateral hyperbola of the pencil. 

The locus of the centers of these hyperbolas is a circle on the 
convex side of the given curve with diameter equal to the radius 
of curvature. This circle touches the given curve at P and has, 


* Leztoni di Geometria Intrinseca, Naples, 1896, p. 59. 
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then, the same normal there. It is the reflexion in the tangent 
of the circular locus of projections of the center of curvature on 
the axis parallels. Moreover, the center of this circle is the ver- 
tex of the pencil of directrices of penosculating parabolas men- 
tioned by Transon. We shall make use of this circle to extend 
our correspondence to include the hyperbolas. For this purpose 
we make correspond to each axis parallel that hyperbola whose 
center is the further intersection of the axis parallel with the 
circular locus of centers of penosculating equilateral hyperbolas. 
To each hyperbola there is a unique axis parallel, namely that 
determined by the center of the hyperbola and P. In this corre- 
spondence we shall assign to the tangent as an axis parallel the 
degenerate hyperbola consisting of the tangent and the normal 
to the given curve at P. To the normal there will correspond a 
hyperbola whose transverse axis is the normal and whose conju- 
gate axis is parallel to the tangent and distant from it on the 
convex side of the curve an amount equal to the radius of curva- 
ture. For this hyperbola we have a very simple construction for 
obtaining its asymptotes and axes. With P as a center and with 
the radius of curvature as radius describe a circle. This circle 
meets the tangent in points which joined to P give the asymp- 
totes of the hyperbola; it meets the normal in points which 
joined to P give the axes of the hyperbola. Of course, the above 
refers only to the hyperbola corresponding to the normal, but 
it will be seen below that it is a special case of a more general 
construction available for all penosculating equilateral hyper- 
bolas. 

To construct any hyperbola of the pencil we proceed as fol- 
lows. With P as a center and with a radius equal to the projec- 
tion of the radius of curvature on the corresponding axis parallel 
describe a circle. This circle passes through the center of the re- 
quired hyperbola as picked out by the further intersection of the 
axis parallel with the 'ocus of centers. This circle meets the 
tangent to the given curve at P in points which joined to the 
center give the asymptotes; it meets the normal in points which 
joined to the center give the axes. Since we know that the re- 
quired hyperbola goes through P, and now have a construction 
for its asymptotes, we may consider the construction for any 
penosculating equilateral hyperbola complete. It is interesting 
to note that for every hyperbola of the pencil it is so that the 
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projection of the radius of curvature of the given curve upon the 
axis parallel is a mean proportional between the intercepts of 
the tangent of the hyperbola on the tangent. If, in particular, 
in the foregoing construction, the chosen axis parallel is the axis 
of aberrancy of Transon, the hyperbola obtained is the osculat- 
ing equilateral hyperbola of Cesaro. Our correspondence, then, 
makes correspond the osculating parabola, the axis of aberrancy 
and the osculating equilateral hyperbola. 


3. Transon’s Parabola. There is at an ordinary point of a 
curve a one-parameter family of penosculating conics obtained 
from the pencil of conics on four points by letting three of the 
points approach the fourth. Wilczynski* has pointed out that 
among these conics there will ordinarily be one, and only one, 
parabola, the osculating parabola. There will also be one, and 
only one, equilateral hyperbola, the osculating equilateral hy- 
perbola. Wilczynski notes, too, that there will be one, and just 
one, conic for which the order of contact at the point will rise to 
four. This conic he calls the osculating conic. Transon found 
that the locus of centers of penosculating conics is the axis of 
aberrancy. He found also that the axes of these penosculating 
conics envelop a parabola, which we shall call, with Wilczynski, 
Transon’s parabola. Due to Transon also is the fact that the 
focus of this parabola is the orthogonal projection G of the cen- 
ter of curvature of the given curve upon the line joining P to the 
focus of the osculating parabola, that is, upon the line we have 
called the symmetric line for the axis of aberrancy. In the termi- 
nology we are employing here this focus appears also as the 
point of intersection of the symmetric line for the axis of aber- 
rancy and the circular locus of feet of perpendiculars let fall 
from the center of curvature on the axis parallels. It is, too, the 
reflexion in the normal of the orthogonal projection of the center 
of curvature upon the axis of aberrancy. Transon found that 
the directrix of this parabola is the axis of aberrancy. Conse- 
quently the axis of the parabola is the line on G perpendicular 
to the axis of aberrancy. It is of interest, though not noted by 
Transon, that the focus of the osculating parabola lies on the 
symmetric line for the axis of aberrancy half way between the 
given point P and the focus of Transon’s parabola. The tangent 


* This Bulletin, vol. 22, p. 317. 
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to Transon’s parabola at the vertex always coincides with the 
axis of the osculating parabola. The tangent at the vertex of 
the osculating parabola is always parallel to the axis of Tran- 
son’s parabola, but coincides with it if, and only if, the given 
curve is a logarithmic spiral whose tangents cut the radii vec- 
tores at an angle whose cotangent is +3,/2. The directrix of 
the osculating parabola coincides with the axis of Transon’s pa- 
rabola if, and only if, the given curve is a logarithmic spiral with 
an angle whose cotangent is +3,/3. The symmetric line for 
the axis of aberrancy is usually quite different from the axis of 
Transon’s parabola. It coincides with it if, and only if, the given 
curve is a logarithmic spiral whose angle has +3 for its cotan- 
gent. In this event the aberrancy of the given curve is unity at 
the peint, the vertex of Transon’s parabola coincides with the 
focus of the osculating parabola and Transon’s parabola touches 
the tangent and the normal of the given curve at the ends of the 
latus rectum. Wilczynski noted that the tangent and the normal 
of the given curve always touch Transon’s parabola. It may be 
added that the normal always touches it at the center of curva- 
ture, and that a line joining the center of curvature to the focus 
of the osculating parabola always meets the tangent to the given 
curve in a point T at which Transon’s parabola touches that 
tangent. The reflexion J of the center of curvature C in the 
tangent when joined to T gives that diameter of Transon’s pa- 
rabola which bisects all chords parallel to the tangent. 


4. Construction for a Penosculating Conic. By means of Tran- 
son’s parabola we can now obtain a construction for any pen- 
osculating conic. Wilczynski noted for the osculating conic a 
property true for all penosculating conics, namely, that the tan- 
gents to Transon’s parabola from a point on the axis of aber- 
rancy are the axes of the conic which has that point as center. 
It turns out that one of these axes always touches Transon’s 
parabola between the points at which that parabola touches the 
tangent and the normal to the given curve. This axis is the axis 
on which lie the foci of the conic. If now a circle be described 
upon that segment of the other axis included between its inter- 
sections with the tangent and the normal of the given curve, this 
circle will meet the first named axis in the foci of the desired 
penosculating conic. Since this conic is known to pass through 
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the point P on the given curve, we now know the foci and one 
point, and the conic can readily be drawn. With the exception 
of the osculating parabola, this construction applies to any mem- 
ber of the pencil of penosculating conics. Since a construction 
for the osculating parabola has been outlined above, we may re- 
gard the problem of constructing penosculating conics as com- 
pletely solved. 


5. The Ellipse of Minimum Eccentricity. Wilczynski showed 
that among the conics just considered there is an ellipse of mini- 
mum eccentricity. We can now obtain the following construc- 
tion for this ellipse. Let us project orthogonally the center of 
curvature of the given curve upon the axis of aberrancy. This 
projection is the center of the ellipse of minimum eccentricity. 
With the position of the center known we can construct the 
ellipse by means of the construction just outlined for penoscu- 
lating conics in general. It is interesting to note that a circle 
with center at P and with radius equal to the semi-diameter of 
this ellipse which terminates at P meets the axis of aberrancy 
again in the center of the osculating equilateral hyperbola, and 
meets the symmetric line for the axis of aberrancy on the con- 
cave side of the given curve in the focus of Transon’s parabola. 
Penosculating ellipses of equal eccentricity occur in pairs. Wil- 
czynski found that the centers O; and O2 of any two of these 
ellipses of equal eccentricity are so situated on the axis of aber- 
rancy that if O denotes the center of the ellipse of minimum 
eccentricity, PO is the geometric mean between PO, and PO:. 
That is, the centers of the ellipses of equal eccentricity form an 
involution whose center is the center of the ellipse of minimum 
eccentricity. Although for a given suitable value for the eccen- 
tricity there are two ellipses that have that eccentricity, this is 
not true of the penosculating hyperbolas, if we confine our atten- 
tion to the eccentricities corresponding to the real foci and real 
directrices. Although an ellipse has only one real eccentricity, 
the hyperbola ordinarily has two. For a given suitable value for 
the eccentricity of an hyperbola there are two penosculating 
hyperbolas, one with this eccentricity for its real foci and real 
directrices, the other with this eccentricity for its imaginary foci 
and imaginary directrices. If now we associate in pairs those 
hyperbolas which have equal eccentricities, we can extend the 
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above involution to the entire family of penosculating conics. 
If, further, we define the cross-ratio of four members of a one- 
parameter family of conics to be that of the parameters which 
single them out in the family, we can conclude that the pairs of 
conics of equal eccentricity separate harmonically the osculating 
equilateral hyperbola and the ellipse of minimum eccentricity. 
In this involution of penosculating conics so determined the 
partner of the osculating parabola is the degenerate parabola 
consisting of the tangent to the given curve counted twice. Al- 
though as Wilczynski found, there is in this family a unique 
ellipse of minimum eccentricity, there is no hyperbola of maxi- 
mum eccentricity. The osculating equilateral hyperbola and the 
ellipse of minimum eccentricity appear as the double conics in 
this involution of penosculating conics. 
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THE BITANGENTIAL CURVE* 
BY T. R. HOLLCROFT 


1. Introduction. The bitangential curve of an algebraic sur- 
face is the locus of the points of contact of planes which touch 
the surface in two points. It is the reciprocal of the nodal de- 
velopable. The order of this curve, for an algebraic surface 
without singularities of any kind, has been determined by Cay- 
ley,t who called it the node-couple curve. 

When the surface has a nodal and a cuspidal curve, each of 
given order, the orders of the spinodal and flecnodal curves were 
found by Cayley.t The order of the bitangential curve of a 
surface with nodal and cuspidal curves, however, has not been 
found explicitiy. Basset§ makes the following statement: “I 
have not succeeded in ascertaining the reduction in the degree 
of the bitangential curve which is produced by a nodal and a 
cuspidal curve; but if the reduction is denoted by xb+yc, the 
method of the preceding paragraph indicates that x and y are 


* Presented to the Society, December 30, 1930. 

¢ A. Cayley, Collected Mathematical Papers, vol. 6, p. 346. 

t A. Cayley, loc. cit., vol. 6, pp. 342-343. 

3 A. B. Basset, A Treatise on the Geometry of Surfaces, Cambridge, 1910, 


p. 280. 
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functions of the degree m of the surface,” which, together with a 
similar statement in §59, page 40, indicates that the order of 
the bitangential curve under these conditions has not been de- 
termined. 

The purpose of this paper is to determine the order of the 
bitangential curve of an algebraic surface that has nodal and 
cuspidal curves and also singular points and planes. The neces- 
sary formulas for this purpose have all been derived by Cayley 
and Zeuthen, so that the work in this paper consists merely in 
collecting and combining these formulas. 


2. Notation. The following symbols will be used: 


n[n’| order [class] of algebraic surface f. 


a’ class of plane section of f. 


K number of inflections of plane section of f. 
b[c] order of nodal [cuspidal] curve of f. 


k{h] number of apparent double points of nodal [cuspidal | 
curve. 


t number of triple points of nodal curve. 


Bly]{z} number of intersections of nodal and cuspidal curves 
which are cusps on cuspidal [nodal] {neither} curve. 


p'[o’] order of bitangential [spinodal] curve of f. 


The above notation is that used by Cayley and Salmon. The 
complete list (given in the references*) of symbols representing 
all the possible singularities of an algebraic surface is very long 
and in a short paper, it seems unnecessary to define all of them. 


3. Order of the Bitangential Curve. The following formulas de- 
rived by Cayleyf hold for an algebraic surface with no further 
singularities than a nodal and a cuspidal curve: 


(1) a'(n’ — 2) = — p’ + 20’, 
(2) a’ = n(n — 1) — 2b — 3c, 
(3) x’ = 3n(n — 2) — 6b — 8c, 


* Salmon-Rogers, A Treatise on the Analytical Geometry of Three Dimen- 
sions, 5th ed., 1915, vol. 2, pp. 314-318. H.G. Zeuthen, Sur la théorie des 
surfaces réciproques, Mathematische Annalen, vol. 10 (1876), pp. 450-454. 

ft A. Cayley, loc. cit., vol. 11, pp. 228-231. 
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(4) n’ = n(n — 1)? — n(7b + 12c) + 4b? + 8b + 9c? 
+ 15¢ — 8k — 18h — 9t + 188 + 12y + 121, 
(5) o’ = 4n(n — 2) — 8b — Ile. 


Solving (1) for p’ and substituting in it the values of a’, x’, 
n', o’ as given in formulas (2), (3), (4), (5), we find 


p’ = n(n — 2)(n? — n? + n — 12) — n(n — 1)[3n(3d + 5c) 
— 2b(2b + 5) — 9c(c + 2)] + n(2b + 3c)(7b + 12c) 
— (2b + 3c)[4(b — 1)(b + 3) + 3c(3c + 5)] + 26 
— [n(n — 1) — 2b — 3c][18(h — 8) — 120i + vy) + 8k + %]. 


This is the order of the bitangential curve when the surface 
has a nodal curve of order } and a cuspidal curve of order c. 
The first product is the order of the bitangential curve for a 
non-singular surface. The reduction in the order of the bitan- 
gential curve due to the nodal and cuspidal curves is the sum 
(with the signs changed) of all the terms of the above expression 
after the first product. 

The order can also be found by the same method when the 
surface has any of the point or plane singularities defined in the 
complete list of singularities. In this case, numbers associated 
with certain of these singularities occur in formulas (1), (4) and 
(5) as determined by Zeuthen in the reference cited. The for- 
mula for p’ is very long when all possible singularities are in- 
cluded and, therefore, will not be given here. The reduction in 
the order of the bitangential curve due to any given singularity 
of the surface can be readily determined, however, as above. 
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FUNCTIONAL EQUATIONS FOR TOTIENTS* 
BY E. T. BELL 


1. Totient Functions. Let fi, ---, pa be the distinct prime 
factors of nm. The number of different sets of k equal or distinct 
positive integers less than or equal to ” whose G. C. D. is prime 
to n is the Jordan totient ¢;(m) of order k, and 


(1) oi(n) = n*(1 — pr*)--- (1 — po*). 


If k is complex, ¢;(m) is defined by (1). The special case k=1 
gives Euler’s ¢(”). The case k=0 is trivial and will be ignored. 

We say that the numerical function f=f(m) is factorable if 
f(1)=1 (which is adjoined to the definition of f(m) if f(m) is 
defined arithmetically for »>1 but not for »=1), and if f(mm) 
=f(m) f(n) for all pairs of coprime integers m, n. 

Factorability is distinct from separability, which we define 
as follows. Let a denote a variable integer >0 and pa fixed but 
arbitrary prime. Write p*=y, p=x, and regard x, y as indepen- 
dent variables. Then the factorable numerical function f is 
separable if there exist numerical functions g, 4 such that 
f(p*) =g(x) h(y). For example, ¢; is separable; where o;(m) 
is the sum of the kth powers of all the divisors of 1, is not. 

If f is separable, say f(p*) =g(x) h(y), and if further h(y) is of 
the form : oe (a;y’+b;y~*), where the a;, 0; are constants and 
a,b,~0, we say that f is simply separable of extent s. Thus ¢x is 
simply separable of extent 1. Regarding f(p*) as a function of x 
and y, we shall write f(p*) =f(x, y). 

It is well known that ¢; is the unique solution f of the func- 
tional equation 


d\n 

Although a proof of this will not be required, we give one to 

contrast the algebra involved with another, which will be used. 


* Presented to the Society, November 29, 1930. 
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Write u,(m)=n’" for all integers n>0. Then* (2) is uof=ux, 
which is linear in f and hence has the unique solution f=u,ug 
=u, (u= Mobius’ function). Hence, by (1), f =¢x is the unique 
solution of (2). 

When 2 is a positive rational integer, (2) can be obtained at 
once from the arithmetical definition of ¢;(”), and in fact one 
of the usual ways of deriving the properties of Euler’s $(m) 
(k=1) is by first proving (2) directly from the definition of 
¢(n). Another functional equation for $x, stated in (3), of which 
¢; is again the unique solution, conceals some more recondite 
arithmetical property of totients. In itself it is remarkable 
enough to merit independent notice. It also gives an example in 
a new algebra, devised by D. H. Lehmer, which is isomorphic 
with common algebra (the theory of an abstract infinite field), 
and which reveals interesting new aspects of numerical func- 
tions radically different from those depending ultimately upon 
Dirichlet multiplication, as was the case with the algebra cited 
in the preceding footnote. In this algebra, since it is isomorphic 
with a field, multiplication has a unique inverse and a unique 
identity element; multiplication and division are the operations 
of greatest arithmetical interest. Applied to simply separable 
functions the new multiplication gives the second characteristic 
equation (3) for ¢;. A third characteristic equation is given in 
§3. 

All that will be required of Lehmer’s algebra is the definition 
of multiplication. Let m, n, r be positive integers. The number 
of sets (m, n) such that the L. C. M. of m, n has the constant 
value 7 is finite. Let f, g be numerical functions, and let the 
summation refer to all of the pairs (m, n) just defined. Then 
> f(m)g(n) is a numerical function of 7, say h(r), and 


= h(r), = 1,2,---), 


is written (fg)=h, which defines the product (fg). As stated, 
the multiplication (fg) is associative and commutative, and has 
a unique inverse. The last implies that if f is any numerical 
function other than the identically zero function, there exists 


* For the algebra (symbolic method) used, see Outline of a theory, etc., 
Journal Indian Mathematical Society, vol. 17 (1928), where references to 
previous papers are given. If f, g are numerical functions, f=g means that 
f(m)=g(n), (n=1,2,---). 


1931-] TOTIENTS 87 


a unique numerical function u (the same for all f) such that 
(fg) =u has a unique solution g. 

We write (ff)=(f?), (?)(m)=f(n). If f is separable, say 
S(p*) =f (x, vy) =g(x) h(y), and if n=p.1 - - - where fu, 


- ++, Paare distinct primes, then 
f(m) = f(bi™) f(pa%*) = g(a) - g(xa)h(y1) - - 


where x;=);, yj=p;i. Hence it is sufficient to discuss the equa- 
tion f(x, y) =g(x) h(y). 

If f is separable, f? in general is not separable. In $2 we deter- 
mine all simply separable f such that f? is separable. The prob- 
lem of determining al] separable f (not merely simply separable 
f) such that f? is separable, leads to a functional equation which 
appears to be quite intractable. When f is simply separable and 
f? is separable, we shall see that f? also is simply separable. 

If both f, f? are separable, say 


I(x, y) = g(x)h(y), P(x, y) = G(x) H(y), 
then also (2 is any complex number #0), 
I(x*, y*) = g(x*)h(y*), y*) = G(x") H(y*), 


and conversely this implies the preceding. It is sufficient there- 
fore to consider the case k=1. The second characteristic equa- 
tion of ¢; is given by the next theorem. 


THEOREM 1. The unique simply separable solution f(x, y) of 
(3) I(x, y) = 
is f =x, where k is an arbitrary complex number £0. 


This theorem, proved in §2, end, originated in an attempt to 
relate the following astonishing property of (¢:.¢,) to Jordan’s 
original definition when k, / are positive integers: if k, / are 
any complex numbers other than zero, (¢:¢1) This is 
due to von Sterneck.* It is shown in §3 that this property gives 
2 third functional equation for totients. 


2. Simply Separable f and f?. As in §1, write p=x, p*=y (p 


* Monatshefte fiir Mathematik, vol. 5 (1894), pp. 255-266. 


= 
= 


88 E. T. BELL [Feb., 


prime, @ an arbitrary positive integer), and define Q, -- - , 7; 
by 
Oy) = Liaiy! + a,b, # 0; 
j=1 
A(x) = 1), A,(x) = A(x)/(x' 1); 
j=1 
R(x) = — + 1DA,(x), YG =0,1,---,5— 1); 
S(x) = A(x) + P(x) (x); 
j=l 
T (x) = + 1)A((a), 


Then, if the function f(x, y) is simply separable of extent s, and 
f(x, y)=P(x)Q(y), we have 
P(x)Q(y) 
f(x, y) = Ee > Rix) yi + 28(x)y* 
A(x) y* 


j=0 


+ P(x) yet]. 


For, from the definition of Lehmer’s product (hg) in terms of 
L.C. M., where h, g are any numerical functions, 


(hg)(p*) = + | 
j=1 


i=1 
In this take h=g=f, f(x, y)=P(x) Q(y). Then, by a short re- 
duction, 
f(x, vy) = P(x)Pl + P(x) > fb y) + ajt(x, ], 
j=1 


t(x, y) = y + x7 — 2y4)/(1 — x). 


Reducing this to a common denominator we find the form 


stated. 
In order that f*(x, y) be separable it is therefore necessary and 


sufficient that 


P(x) + 2S(x)y* + P(x) OT (x) = L(x) M(y), 


j=l 


= 
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identically in x and y, where L(x), M(y) are functions of x and 
of y alone respectively. The trivial cases where one of P(x), 
L(x), M(y) is identically zero are excluded. Hence it is necessary 
and sufficient that 


P(x)Rj(x) = a;L(x), Gj 0, 1); 
S(x) = BL(x); 
P(x)T;(x) = yiL(x), (i i, 


where the a, 8, y are constants not all zero. The first and third 
of these are 


— + 1)A,_(x)P(x) =a L(x), (fj = 0,---,5— 1); 
a;(x* 1)A (x) P(x) = yiL(x), (i 1, s). 


By a simple contradiction it is seen from the first that either all 
the b’s are zero or precisely one is not zero. For, since j7<s, 
the first identity gives for some j 


+ — 1) = 6;L(x)P(x)/A(x), 


where 6; is aconstant. If 6;=0, (j=0, - - - ,s—1), then d,_;=0, 
(j=0,---,s—1). Suppose next that when 7=/e, 
ji*%je. Then the corresponding left members can differ only by 
a constant factor #0, and we have 


+ — 1) = — 1)(x*-4 + 1). 


Now 2s—j:—j2¥0, since j;<s, jo<s. Moreover, s—ji*s—je 
since n je; Ss —ji s (s —j:) (s —je) 
#0. Thus we may equate coefficients and get 5=1; whence 
= and we have the contradiction = je. 

Similarly for the second identity and the a’s. There are thus 
four possibilities, of which one is trivial; the remaining three 
are as follows. 

All b’s and a’s are zero, and all but one a are zero. 

All but one of the b’s are zero, and all the a’s and y’s are zero. 

All but one of the d’s and all but one of the a’s are zero. 

Obviously the first two are identical on a suitable change of 
notation. We shall consider only the third in detail, as a similar 
argument shows that the conclusion reached includes the other 
possibilities as limiting cases. 

Let then b,_;a;0 for a particular j andi. Write —b,_;=¢,_,;. 
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Then from the two identities we have, on comparing the values 
which they give for P(x), 
a + — xi — 1) = — 4 xi — 1). 
Now 0Sj<s, 0<iss. Hence i(s—j)(s—j+i)#0, and there- 
fore the apparent constant terms in the above are the actual 
constant terms, so that ajai=Yic._;. It follows thence from the 
last identity that s —j =z. 

To find L(x) and hence P(x) apply this conclusion to S(x). 
We find thus 


A(x)(x? + 1) 
L(x) (x)(x* + 1) 


xi(B + ¥:) + (8 + aj) 
— 1) 
a;{x(B +7) + (8+ a;)| 


Combining all results we have the following result. 


Il 


P(x) = 


THEOREM 2. The unique simply separable f(x, y) such that 
f?(x, v) 7s separable, ts 


1 
f(x, ¥) = 
(a + + (6 + 
where r is an arbitrary constant integer ~0, and a, 5, ¢ are con- 
stants not all zero; f?(x, y) is also simply separable, 
x?7—1 
Pix,v) = (av — cv")(ay’ + 2b + cy’). 

If the further condition (3) be imposed we find immediately 
Theorem 1. 

3. Third Functional Equation for ¢,. Let t, k, 1 be constants, 
tkl~0. With x, y as in preceding sections, let f be a numerical 
function and define the numerical functions f;, fi,: by 

filx, y) = y*f(x*), (fifi) = 
Then by a shorter argument similar to that of §2, we find the 
following theorem. 


THEeorEM. [If fi,(x, y) =y'F(x*), then necessarily t=k +l, 
F=f and f(x) =1—x~, where ris an arbitrary constant ~0. Hence 
f=, is the unique solution of the functional equation. 
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ABSTRACT DEFINING RELATIONS FOR THE 
SIMPLE GROUP OF ORDER 5616* 


BY K. E. BiSSHOPP 


1. Generation of Gs. The collineation group LF(3, 3) of 
order 5616 leaves the sets of points and lines of the finite geome- 
try PG(3, 3) invariant. The points which are the sets (x1, x2, x3) 
where x1, x2, x3 are the integers modulo 3 and their correspond- 
ing polars with respect to the conic x? +2x,x2+22x;=0 will be 
denoted in the following manner. 


Point Polar Point Polar 

a Xit %2=00 g 4 x, =0x 
Cc 11 x+ x3=Ou 12 x3 = Ce 
d Xe+2x%3=O0a j Ot 2x: +x2+x3 = 06 
11 x3=Q k 001 = OX 
f 010 2x:+ x3=0F 1 102 2x1 +x2 = 08 

m 021 x1 +x2.+2x3 = 
Later we shall have occasion to refer to these polars in connec- 


tion with the group of isomorphisms. 
The collineation group may be generated by two operators of 
orders three and two respectively which satisfy the necessary 


conditions 
= T? = (TS)* = 1. 


Two operators which belong to the group and possess these 
properties are 


210 
11], 0 
001 


For convenience in discussion we shall represent the collineation 
group as a permutation group on the points of the geometry. 
The operators S and T then become 


S = (aib)(cfd)(ehk)(gjm), 
T = (bj)(cm)(ef)(g!), 
R = TS = (aibmfhkedcglj) . 
* Presented to the Society, September 11, 1930. 
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The group generated by two operators of orders three and 
two respectively whose product is of the form 6k+1, where k is 
an integer, is perfect.* Every perfect group is simple or else it is 
isomorphic (a—1) to some simple group of composite order. If 
S and T generate a subgroup of Gseie, its order is 432 or less. All 
the simple groups of orders less than 432 are of orders 60, 168, 
and 360. Obviously Gs. contains no subgroups having an oper- 
ator of order 13 which is isomorphic to any of the above men- 
tioned simple groups. Since S and T belong to Gseig they can 
generate a group of no higher order. Therefore S and T gen- 
erate Gseis- 

The group Gseis contains 117 operators of order twof and T 
is invariant under a Gss whose generators are 


= (be) (dh)(fj) (gl), 

= (bj)(hk) (eg) (fl) , 

(TR-TR*) =(bc)(di)(gl)(mj). 
The transformation of S by this G4s gives 48 different operators 
conjugate to S. The group possesses altogether 624 operators 
conjugate to St contained in 13 sets of 48 conjugates under the 


Gus which leaves invariant. Each set contains one of the follow- 
ing operators: 


Si =(aib)(cfd)(ehk)(gjm), TS,=(aibmfhkedcglj), 
S2=S;? = (abi)(cdf)(ekh)(gmj), 
=(afl)(bmi)(cgh)(dke), TS3=(afdkelhcibjmg), 
= (alf)(bim)(chg)(dek), 


=(bmf)(ced)(glk)(hji), TS;=(bihjme)(cfd)(gk), 
Se=R*S,R* =(abk)(cgd)(elj)(fhm), TS¢=(abehmgjk)(cfld) , 


S7=S¢? = (akb) (cdg) (ejl)(fmh) , 
Ss=R-*S,R* =(adj)(cgl)(eim)(fhk), TSs=(adjb)(cehkfimg), 
So=S3? = (ajd)(clg)(emi)(fkh), 


=(alj)(bgi)(cmh)(dke), 


* Brahana, American Journal of Mathematics, vol. 50 (1928), p. 347. 
t Miller, Quarterly Journal of Mathematics, vol. 29 (1898), p. 234. 
t Ibid., p. 234. 
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R-™S,R" = (aec)(bmf)(hki)(glj), TS11=(aebgjm)(hki)(cf), 
Sie = (ath) (che) (dfm)(glj),* TS (aih)(bgj)(cdf)(emk), 
Sis = (ajb) (cmk) (eif)(ghl),* TS13= (aj) (ck) (fi)(hl). 


We will denote the sets by the subscripts on the corresponding 
S’s. Members of the pairs (1) and (2), (3) and (4), (6) and (7), 
and (8) and (9) are distinct since no one of the operators of 
order two of the Gs transforms the corresponding S into its in- 
verse. (1) and (2) are distinct from (3) and (4) since a which 
is omitted by G4s occurs in a cycle of S, with 7 while none of the 
letters d, h,1,k, which form a transitive constituent of Gis, occur 
in the same cycle with a in S;. (5) and (11) are distinct since 
G4s omits a. (6) and (8) are distinct since in the product TS a 
occurs in a cycle of order 8 in one case and in one of order 4 in 
the other. (10), (12), and (13) are distinct since the products T'S 
are all of different orders. None of the operators Ss, Se, - - - , Sis 
generate the group with T because the resulting groups are in- 
transitive on 13 letters. It follows that there are two sets of 
operators and their inverses which generate the group with T. 


THEOREM 1. If an operator of order two and one of order three 
generate Gsexe, their product ts of order thirteen. 


The theorem follows since an operator of order three contain- 
ing three cycles cannot generate the group with T because T can 
have only four cycles and the resulting group could not be tran- 
sitive on 13 letters. 

From §1 we obtained the following correlation of the plane: 


(a6) (by) (cu) (dex) (er) (gx) (hv) (te) (75) (RA) (1B) (mn) = P. 
This is an outer isomorphism which leaves T invariant, 
S’ = (aib)(cfd)(ehk)(gjm), 
= (bj)(cm)(ef)(gl). 


The operator S’ =(aib) (cfd) (ehk)(gjm) written on points per- 
forms the permutation = (avf) (Be8) (5nx) (uA) written on lines. 
For a representation of S’ on symbols for lines we may use 2. 
The correlation P transforms points into lines, 


P =P = (ali)(che)(dhf)(gjm). 


§ Operators conjugate to Sigand Sis are in the group { T, Sio}. 
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Also there exists an operator of the G4s which transforms P>P 
into S*. Such a one is (01) (ef) (dk) (gj). Since P which is an outer 
isomorphism transforms the operators of the first set into their 
inverses, every other outer isomorphism which leaves T invari- 
ant has the same property. Hence there is no outer isomorphism 
which leaves T invariant and at the same time transforms the 
first set into the second and it follows that the two sets of gen- 
erators satisfy different defining relations. 


2. The Cole Group of Order 432. Cole has investigated the 
groups of degree nine and found that there is a single transitive 
substitution group of order 432 representable on nine letters.* 

The group with which we have to deal is written intransitively 
on thirteen letters and contains two transitive constituents one 
on four letters and one on nine letters. Hence it follows that the 
latter group is equivalent to the one described by Cole. We 
have a priori that the foregoing is a maximal subgroup of Gseie. 
In order to define this group abstractly it will be convenient 
first to determine a set of defining relations for the maximal 
subgroup H, of order 432. 


THEOREM 2. Two operators of orders three and two respectively 
which satisfy the following conditions, 


(1) S? = T? = (ST)* = 1, 
(2) TS*TS(ST)'S°TST = S*TS(ST)'S°TS, 
(3) (S?*TST)* = 1, 


generate the abstract group of order 432 which is doubly transitive 
on nine letters, or a group of lower order to which G2 is isomorphic. 


If S and T are of orders three and two respectively and (ST)! 
is identity, we get the octahedral group; if (ST)‘ is invariant and 
not identity, we get the group of order 48. 

By virtue of (1), (ST)‘ is of order two; and as consequences of 
(2) and (3), it will be proved that there exists a set of nine con- 
jugate operators arising from the transformation of (ST)* by T 
and powers of S. Denoting (ST)* by 7:1, let us consider the fol- 
lowing transforms: 


* Bulletin of the New York Mathematical Society, vol. 2 (1892-93), pp. 
254-256. 
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STST,S*TS? = Te, 
S?*T,S =T:, TSTST,S°*TS*T = T;, 
STS? = Ts, = Ts, 
TST,S*T = T,, STSTSTS*TS?*TS? = Ty. 
S*TST,S*TS = Ts, 


Obviously in order that this conjugate set contain nine and only 
nine operators it will be sufficient to show that Ts and T> are 
permutable with 7, that is, T7sT=Ts, and TT;T=T >. The 
foregoing results directly from conditions (2) and (3). Writing 
(2) in the following form and remembering that S?(ST)*S = 
T(ST)*T, we have 
= (ST), 
= T(ST)*T = S*(ST)4S, 
= (ST), 
i 
= T(ST){T, 
= S°*T (ST)*TS = S(ST)‘, 
= TS(ST)4S?°T . 


It follows from condition (3) that T(S?7ST)*T = (.S?T ST)? and 
the last expression becomes 


= TS(ST)*S*T . 
Continuing in the same manner this expression reduces to 


STS*TSTS*T (ST)4TSTS*TSTS? = . 


Transforming by S, we have, after replacing T(ST)*T by . 
5*(ST)4S, 


(ii) S*TSTS(ST)4S*TS*TS = TS*TSTS(ST)‘S*TS*TST, 
which gives the desired relation between T and Ts. On trans- 


forming both members of equation (ii) above first by S and 
then T we have 


= 
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= 
TS*TS*TS*T TS*TS(ST)*S*TSTTSTSTST 

(iii) = (ST)*S*(ST)*STS*(TS?)? 

= 


which expresses the necessary relation between T and 7». By 
the aid of (iii) we can show that 77> is of order three. Since 
TT:sT =Ts, we may write 

= = Ts, 

(ST)4(TS)4(ST)4 = (TS)*(ST)4(TS)4, 

= = (ST)4(TS)4, 

(T1T2)? = = Ts? = 1. 
Since 7,7? is of order three and 7,72 is transformed into 737; 
by S? the product 7473 is necessarily of order three. 

The group generated by 7:72 and 7173 is abelian.* From the 


third of the defining relations given in the first paragraph of 
this section we have 


(S?7S7)* = 1, 
which implies 
(S?7S2TS?)§ = 1, 
and 
S*7S*TS? = S2(TS*)? = T(ST)5, 
= 1, 
T(ST)4S(ST)4S(ST)4S(ST)4S(ST)4S(ST)4ST = 1, 
(ST)4S(ST)4S(ST)4S = 
= 
(iv) = 
The equations (iv) express the desired relation between 7172 
and 773, namely: 


Furthermore the products 7,72 and 7,7; are different and not 


* Miller, Quarterly Journal of Mathematics, vol. 33 (1901), pp. 76-79. 
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inverses of each other. If 71:72=7173, T2=T3 and this is im- 
possible when 7, is not invariant. Also, if 717: =737;, from (v) 
T;? = (7:1T2)? =1, which is impossible when 7; is not invariant 
since (7,72) is then of order three. Hence the group {717>, 
T:T;} is the abelian group of order nine and type (1, 1). 

What has been proved so far is sufficient to state that the 
group generated by S and 7 satisfying the given conditions con- 
tains a generalized dihedral group of order 18 as an invariant 
subgroup since it is {G9, 71} and 7, transforms 7,72 and 7173 
into their inverses. We have shown that (ST)‘ is in an invariant 
subgroup Jis. Since Js does not contain S or T because S is not 
permutable with 7,72 and T does not transform 7,73 into T3T}, 
it follows that the quotient group corresponding to Jis is gen- 
erated by operators of orders three and two respectively, whose 
product is of order four, since (ST)‘ is in Jig. Hence the quotient 
group is the symmetric group of order 24, and the order of H 
is 432. 

It might be observed that the group is representable on the 
nine congugate 7’s which we have discussed. Since S and T 
permute the 7’s according to the following permutations on the 
subscripts, 

S = (123)(456)(789), 


T = (12)(34)(67), 


which satisfy relations (1), (2), and (3) it follows that the group 
is representable on nine letters and this identifies it with Cole’s 
group. It is now clear that the structure of the entire group 
coincides with the description given by him, and hence it is 
doubly transitive. 

3. Definition of the Whole Group Gseis. In §1 we discussed 
some of the abstract properties of the generators of the group 
and found that Gse1g possesses two sets of generators which sat- 
isfy different defining relations. In order to define the whole 
group we shall employ the results of §2 since the largest sub- 
group H of order 432 forms the basis for writing all the operators 
of Gsgig On co-sets. Every operator of Gseig occurs in one of the 
following co-sets, 


(i) H, RH, R*H,---, RH. 


Since the result of multiplication of any 4; belonging to H on the 
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right by any power of R is equivalent to that of multiplying 
another h; on the left by some power of R it follows that in- 


tegers 8; exist such that 

(i R*SR* = h;, R*S*R» = R*TR® = hy, 

R-*SR® = S, and H = {S,T}, 


are true for all values of a from 1 to 12 inclusive. 
On the basis of 
(iii) = hy, = he, = hs, 


where /;, hz, hs are operators of H, we shall show that the §;,’s 
of equations (ii) are uniquely determined and that hj, h;, hz are 
expressible in terms of the generators of H. Writing R*S?R® 
in the form R*-!R-°TSS?TSR®R5-', we see that it is equal to 
Re=—'SR&-!, We can treat R*TR*® in the same manner. Since 
R* = R*TTSR*! = R* = R-® SR® R5—!9, we have 
R*TR* = R2+®SR®-10, These two statements are sufficient to ex- 
press the equations (ii) in terms of Ii, 2, hs, or, what is the same, 
in terms of the generators of H. We proceed as follows: 
= R°SRR*SR* = R*S*R* = RSR’, 
where /;, he, hz are given by (iii). We have also 


= R7S?R°R4SR8 = R°SR®°R4S R* = R°S?*R* = R°SR’, 
hz'hs? = = R°SR®, 
(hyh2)—! = = RISR", 
T = SS*T = R®R-°SR®R? = R°SR?, 
= = = R°SR?, 
= = RUSR‘, S? = (RS*R)-' = RYSR". 


Since R*SR*® = R¢+!§?R+1, we have for the expressions 
where a=(1, 2, 3, ---, 12): 

RS2R R4S2R7 R7S2R' R0§2R4 

R5S2R9 R8§2R12 R1u1§2R3 

R*§2Ru R9S2R? Ri252R5 


i 
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Also for Re+®SR®-!°, we have R*7R*, where a ranges over the 
same values as above: 


= RSR?, = RSR*, R°TR* = R®SR’, 

= R"SR*, = R*SR™®, = R°SR?, 

R°TR® = = S?, R'TR* = R*SR*, R™TR* = R'SR", 
R‘TR® = S, = R‘SR’, = 


Hence all of the equations (ii) have solutions in terms of hy, he, hs, 
and the B,;’s are uniquely determined. In a similar manner when 
S=R™SR which gives another set of conditions we can also 
show that the equations are reducible to expressions in terms 
of the generators of H and that the §,’s are uniquely determined. 

Having shown that we can establish sufficient conditions 
which enable us to specify the order of G, we may now state the 
following theorem. 


THEOREM 3. Two operators T and S of orders two and three 
with product of order thirteen generate Gseie if and only if they sat- 
isfy the further relations: 


(1) S3 = T? = (ST)* = 1, 
(2) TS*TS(ST)4S*TST = S*TS(ST)4S°TS, 
(3) (S?TST)* = 1, 


where S=R-*SR or R“SR and R=TS, and either (4), (5), (6), 
or (4’), (5’), (6’), 


(4) R*SR” = TS°*TST, 
(5) = TS(ST)4S(ST)4S°TS?, 
(6) R‘SR® = TS*TSTS(ST)4S°TS°TS, 


where S=R-°SR; 


(4’) = TS°*TST, 
(5’) R®°SR‘ = TS*TS*TS(ST)48°T, 
(6’) R™SR® = S(ST)4S(ST)3S, 


where S=R-SR. 
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If two pairs of operators p and 7 and 2 and 7 which generate 
the group are so selected that one of them p and 7 satisfy a 
particular one of the sets of conditions imposed on S and T and 
if p happens to be the inverse of = then = and 7 satisfy identi- 
cally the same relations as p and r. This follows from the fact 
that there is an outer isomorphism which transforms p into its 
inverse and leaves T invariant. 


THE UNIVERSITY OF ILLINOIS 


ONE-PARAMETER LINEAR FUNCTIONAL GROUPS 
IN SEVERAL FUNCTIONS OF TWO VARIABLES* 


BY A. D. MICHAL 
Let 


(1) y), (i,j = 1, ** 


be a given set of m? real continuous functions of the two real vari- 
ables x and y defined over the triangular region T:aSxSy3Sb. 
Consider the system of n integro-differential equationst 
(2) iH x j2(x, T); (i= 1, 2, n), 
Or 

in the unknown functions 12(x, y; 7), 22(x, y; 7),°--, 
nz(x, y; T). The symbol * in (2) stands for Volterra’s operation 
composition of the first kind 


(3) (Hx ;2(x, y;7T) = f iH(x, s)2(s, y;T)ds. 
We assume that the reader is conversant with the theory of 
permutable functions and functions of composition, a subject 
initiated by the illustrious Vito Volterra.f Griffith C. Evans§ 


* Presented to the Society, December 30, 1930. 

+ Throughout the whole paper we shall adhere to the convention of letting 
a repetition of an index in a term once as a subscript and once as a superscript 
denote summation with respect to that index over the values 1, 2, --- , 7. 

t See, for example, Volterra et Pérés, Lecons sur la Composition et les Fonc- 
tions Permutables. 

§ See his Cambridge Colloquium Lectures, Functionals and their A pplica- 
tions. 
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has given some very noteworthy contributions to this subject. 
Define a set of n? functions ;K(x, y; 7) in terms of the given 
set of functions A(x, y) by 


9 


7 i k j 7? 
(4) iK(x, = iH (x, y)r + (x, 
k l 73 ry 


For n=1, this set reduces to the well known Volterra tran- 
scendental. 


THEOREM 1. Under the above hypotheses on the given functions 
1H (x, y), the system of integro-differential equations (2) possesses 
one and only one solution \2(x, y; T),- + , n2(x, analytic in 
T (in fact entire in T), continuous in x and y in the region T and 
such that it takes on the initial conditions 


(5) i2(x, 0) i2(x, y), 


(a(x, y) continuous in T) forr=0. This unique solution can be 
written in the form 


(6) y37) = y) + (a, 9), 


where the n* functions 4K are the generalized Volterra transcen- 
dentals (4). 


The proof of this theorem is obtained by throwing the integro- 
differential system (2) into the form of a system of non-linear 
integral equations 


(7) s2(x, 7) = «a(x, y) + f ;2(x, y; a)do, 
0 


and then solving this system by the method of successive ap- 
proximations. We are thus led to consider the functions 
z(x, y; T) given by (6). By calculation one sees that this set 
of functions is a formal solution of the integro-differential sys- 
tem and takes on the given initial conditions. In fact the tran- 
scendentals :K(x, y; 7) satisfy the integro-differential equations 


K(x, 
(8) = iH (x, y) sHx.K(x, 7), 
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and hence the ,(x, y; 7) of (6) yield a formal solution of the 
system (2). 

It follows directly from the definition (4) that the generalized 
Volterra transcendentals are entire functions of 7 and continuous 
in x and y throughout the region T. Hence the set of functions 
(6) form an actual solution of (2) of the required sort. 

If w(x, y; 7) is another solution of (2) of the required sort, 
it follows from (7) that it is possible to find a positive number 
A <1 such that 


max | ,2(x, y;7) — «w(x, y37) | Amax| ,2(x, y37) — :w(x, |, 


for sufficiently small values of r. But 2 and ,w are analytic func- 
tions of r. Hence 


T) = iw(x, T). 


This shows that the solution of (2) of the required sort is unique, 
which completes the proof of our theorem. 

Thus the integro-differential system (2) generates a continu- 
ous one-parameter family of functional transformations (6). 
Moreover, one can verify that the generalized Volterra tran- 
scendentals 4K possess the following integral addition theorem: 


(9) :K(x, ¥3 71 + 72) = (K(x, 37) 
k 
+ (K(x, 9372) + iK( 71), 
and that this integral addition theorem characterizes the n? 


transcendentals4K (x, y;7). We have thus arrived at the follow- 
ing fundamental theorem. 


THEOREM 2. The integro-differential equations (2) (infinitesi- 
mal transformations) generate the one-parameter continuous group 
of linear functional transformations (6) in the functions 2(x, y), 
y), -- +, n2(x, y). Moreover the identity transformation is 
obtained by putting the parameter t equal to zero. 


Consider the particular case in which 


y) = 1,ifj;=n-—i+1, 
| j 


10 
= 0, otherwise. 


The integro-differential system (2) for this case becomes 


- 
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032(x, y; 7) 
Or 


By calculation we obtain 

2 

(2n)!(2n — 1)! 

12 4 Xx 2n—2 

nami (2n — 1)!(2n — 2)! - 


0, otherwise. 


iK(x, 


if j =i, 


These expressions can be written in terms of the Bessel func- 
tion Ji(z) of order one.* Putting u=y—-x, we obtain 


1/2,,—1/2 


(K(x, 937) =" {71 if j= i, 


2 


13) 3 
ats) = — 1h — J, [— 2(ru)*/?]}, 


ifj=n—it, 


= 0, otherwise. 
In these formulas, 
= —t1J,(iz), (@=(—1)"?). 


For j= the integral addition theorems (9) for the special case 
(13) yield the addition theorem 


(71 + 72) [(7, + 72) 
= [rye] + [rou] 
0 


2(ro(u — 0))/2|7,[— 
+ T,[2(r2(u v))1/2]7,[2(r1v) 1/2] } do, 


where 
A[ru] = J,[— 2(ru)'/2] + 1,[2(ru)*/?]. 


* A. D. Michal, Annals of Mathematics, vol. 26 (1925), for the correspond- 
ing case of the Volterra transcendental. 


| 
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By an application of a known theorem* one can verify that /;(z) 
possesses the following integral addition theorem: 


(7,1 + 72)! T2)u)*/2 | 


(15) |=7;! 21/27, + |2(r2u)1/2] 
{ 
|+ (7:72)! f [ (a — — v))*/2 | |v. 
0 


Moreover 
J\(z) = il,(— iz), (4 = (— 1)'/2). 
Hence by calculation we see that J:[—2(ru)'/?] has precisely 
the same integral addition theorem as that of [,[2(ru)¥/?]. 
The remaining relations (9) for the particular system (10) do 
not yield any essentially new integral addition theorems for the 
Bessel functions. 


THEOREM 3. The group properties of the continuous one-para- 
meter family of functional transformations that is generated by the 
integro-differential system (11) are translated by the integral addi- 
tion theorem 


\T1 1/24 1 2((71 T2)u)/2| 


= [ — + 2(rou)!/?] 
+ (riT2)! — 2(r2(u — v))"/2 [— 
0 


for the Bessel function J,(z) of order one. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* H. P. Thielman, Annals of Mathematics, vol. 31 (1930), p. 193. 


| 
| 

| 
| 
| 
t 


1931.] ERRORS IN MEASUREMENT 105 


THE PROBABLE ERROR OF CERTAIN FUNCTIONS 
OF THE ERRORS MADE IN MEASUREMENTS* 


BY W. D. BATEN 


1. Introduction. This paper presents with proof and applica- 
tions several theorems pertaining to the probable error of certain 
functions of the errors made in measurements. If the measure- 
ments or observations are multiplied by a constant b, the proba- 
ble value of functions of the error of bm will differ from the 
probable value of these same functions of the error of m the 
measurement. This article shows that there are values of b 
such that the probable value of certain functions of the error of 
bm is less than the probable value of these functions of the error 
of m. 

The probable value of certain functions of the mean are also 
treated. General frequency laws for the errors are used in the 
first theorems; these include the discrete, the continuous and a 
combination of the discrete and the continuous cases. Here 
Stieltjes integrals are used in the proofs. Special cases are 
mentioned. 

The following theorems are proven by use of general fre- 
quency laws which come under the continuous case. The Gaus- 
sian law is treated as special cases to the theorems. 


2. Concerning the Square of the Error of the Measurement. 


THEOREM 1. Let x be the error of the measurement m, d the 
expected value of x, and c the expected value of x*. Then under any 
law of error, whose second moment with respect to the true value a 
exists, there exist values of the constant b such that the probable 
value of the square of the error of bm is less than the probable value 
of the square of the error of the measurement, provided 


ad—c#0, a? — 2ad+c¢ #0. 
Under these conditions b lies between 
2(¢ — ad) 
a* — 2ad + 


* Presented to the Society, April 19, 1930. 


1 and 


é 

| 

| 

¢ 
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Proor. Let F(x) be the probability that x lies in the interval 
(—«, x) where x is included. Then the probability that x 
lies in (— x, x*), where x* means that x has been deleted, is 
F(x—0). The probability that x lies at x is F(x+0)—F(x—0), 
the probability that x lies in the segment (x:*, x2*) is 


z,t+0 


Finally the probability that x lies in the closed interval (x, x2) 


1S 


— F(x; — 0) = dF(x). 


We have also F(— ~)=0 and F(+)=1. If f(x) is the proba- 
bility function and is continuous, then 


(1) F(x) = f(x)dx. 
The error of the measurement m from the true value a is 
x=a—m. Theerror of bm is 
x’ = a — bm = a — b(a — x) = a(1 — Db) + x. 
The probable value of (x’)? is 


| P(x’2) = f — b)? + 2a(1 — b)bx + dF (x) 


(2) | 
, a*(1 — b)? + 2abd(1 — b) + be, 


which is less than the probable value of the square of the error 
of m, 


P(x?) = | x*dF(x) = c, 


a*(1 — b)? + 2abd(1 - b) + 
From this inequality it is seen that b lies between 
2(c — ad) 
a? — 2ad+¢ 


1 and 1 


If the law of error is a Pearson type III, 


| 
z;—0 | 
if | 
| 
| 
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x 
q 


and 1— - ; 
a?h®(hg)"* — (hq + 1) + ke**(gh + 2)T (hg + 1) 


then 5 lies between 


provided the denominator is not zero. 


Coro.iary. Under any law of error, whose second moment with 
respect to the true value a exists and whose first moment with re- 
spect to the true value ts zero, there exist values of the constant b 
such that the probable value of the square of the error of bm is less 
than the probable value of the square of the error of m. These values 


satisfy the inequalities 


a+e 
The laws of error considered in the corollary include those 
which are symmetrical with respect to the true value and also 
others which are skew. 
The preceding theorem does not apply to the law of error 


f(x) = 


+ 
tor the second moment does not exist. 

If the law of error for the error of m is 
(3) f(x) = 
a(1 + h?x?)? 


then b satisfies the inequalities 


If the error law is a Pearson type Xf, 
h 
(4) f(x) = ao 


then d satisfies the inequalities 


t Elderton, Frequency Curves and Correlation. 


| 

| 

h 

2 

1 <5 <1. 

ath? + 1 

| 
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then the corollary to Theorem 1 becomes in this special case 
identical to a theorem given by Dodd.* 
If the error law for the errors of the measurement m is 
f(x) =1/(2k) in (—k, k) and zero elsewhere, then 
2k? 
3a? + k? 


<0 < 4. 


This last law is used for the law of errors which are made in 
using a table of logarithms, for here the error is constant in a 
certain interval and zero elsewhere. 


3. Concerning the Error of the Mean. If M is the mean and Bisa 
constant it is desirable to know the nature of the probable value 
of certain functions of the error of BM and also the probable 
value of these same functions of the error of Mf. The following 
theorems will be useful in this respect. 


THEOREM 2. [If the error law for the individual variable 1s 
of limited variation and symmetrical with respect to the true value, 
then the error law for the mean 1s also symmetrical with respect to 
the true value.t 


Proor. Let f(x)dx be the probability that the error lies in the 
interval (x, x+dx). The probability that the sum lies in the 
interval (uv, u+du) is, according to a theorem given by Dodd, f 


1 
pr(u) = —f g(t) cos (ut)dt, 


* Dodd, The error-risk of certain functions of the measurements, Monatshefte 
fiir Mathematik und Physik, vol. 24 (1913), pp. 268-276; Dodd, The prob- 
ability of the arithmetic mean compared with that of certain other functions of 
the measurements, Annals of Mathematics, (2), vol. 14 (1912-13), pp. 186-198. 

t Theorem 2 can be proved for the discrete case. 

t Dodd, The frequency law of a function of variables with given frequency 
laws, Annals of Mathematics, (2), vol. 27 (1925-26), pp. 12-20. 


4 
1— —- <><}. 
+ 2 
If the error law is the Gaussian law, 

| 
i 


1931.] ERRORS IN MEASUREMENT 109 


where the parameter u does not enter the function g(t). The 
function ,(u) is an even function and hence is symmetrical 
with respect to the origin which has been chosen as the true 
value. The law for the mean is obtained by replacing p,(u) by 
p,(nu)n, and this is symmetrical to the true value. 

In the theory of sampling from a parent population which is 
known, the standard error of the mean is equal to the standard 
error of the parent population divided by the square root of the 
number of the variates in the sample, provided the parent con- 
tains an infinite number of variates.* If the true value of the 
quantity to be measured is a and is considered to be the mean 
of the parent population the standard error of the mean can in 
general be found for the mean from that of the error law for the 
individual measurements. This idea is treated also in the theory 
of expected values leading up to the Tchebycheff inequalities. f 

When the error laws for the individual errors of the measure- 
ments are the same, then the expected value of the mean of the 
errors is the same as the expected value of an individual error. 
This can be treated also by sampling theory. 


THEOREM 3. Let x be the error of the measurement m, d the 
expected value of x and c the expected value of x?. Then under any 
law of error whose second moment with respect to the true value a 
exists, there exist values of the constant B such that the probable 
value of the square of the error of BM is less than the probable value 
of the square of the error of M, provided 


adn —¢ #0, — 


Under these conditions B lies between 


2(¢ — adn) 
1 and 1 — ———————: 
a’n — 2adn + ¢ 


The proof of this theorem is similar to that of Theorem 1. 


CorRoLLtaRy. Under any law of error, whose second moment 
exists and whose first moment with respect to the true value a 1s 
zero, there exist values of the constant B such that the probable value 


*C. H. Richardson, The Statistics of Sampling, a dissertation for the 
doctorate at The University of Michigan. 
} Fisher, The Mathematical Theory of Probability, pp. 104-109. 


| 
| 
| 
| 
| 
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of the square of the error of BM is less than the probable value 
of the square of the error of M; these values satisfy the inequalities 


2c 
1 — < B <I, 
na? + ¢ 
where M is the mean of n measurements and c is the expected value 
of the square of the error. 


The proof of this corollary is similar to that of the Corollary 
to Theorem 1, since Theorem 2 shows that the error law for the 
mean is such that its first moment with respect to the true value 
is also zero. 

If the law for the individual errors is (3), then the law for the 
mean of the errors is* 


1 n \ T(r) cos (r- 


x(hn)® + 


In this case the constant B satisfies the following inequalities: tf 


2 
—— <B <i, 
na*h? + 1 


where m measurements are made. 
If the error law for the individual measurement is (4), then 
the law for the mean is f 


nc hn | 


nhe-**lul 


— 1 — r)S(r)! 


In this case 


4 
1— —___-- < B<1. 
nath? + 2 


If the error law for the errors of the measurement m is f(x) 
=1/(2k), then 


* Baten, Theorems concerning probability, a dissertation for the doctorate 
at the University of Michigan, 1929. Karl Mayr, Wahrscheinlichkeitsfunktionen 
und thre Anwendungen, Monatshefte fiir Mathematik und Physik, vol. 30 
(1920), pp. 17-44. 

t These inequalities for B can be obtained most readily from the three 
inequalities for b at the end of §2 by replacing h? by nh?; and the validity of this 
process follows from the second paragraph above Theorem 3. 

t See Baten, loc. cit. 


| 


1931.] ERRORS IN MEASUREMENT 111 


2k? 
1 — < B<l. 
3na? + k? 
If the error law is 
(x) 2h 
8 
a(er 
then 
2x? 
— < <l, 
4a*h? + x? 
and 
2x? 
1 — ———_ < B<l. 
4na*h? + x? 
If the error function is 
f(x) = — e~ hela? 
2r(1/p) 
we shall have 
(3/p) 
I'(1/p)na?h? +- T(3/p) 
and 
(3/?) 1; 


I'(1/p)na?h? + 1(3/p) 
Other error laws may be used. 
4. Concerning the Absolute Error of the Measurement. 


THEOREM 4. Under any law of error which is symmetrical with 
respect to the true value a, whose first moment with respect to the 
true value exists and which has only one maximum which is at 
the true value, there exist values of the constant b such that the 
probable value of the absolute error of bm is less than the probable 
value of the absolute error of the measurement m. A sufficient con- 
dition for such a value is 


where r is one-half of the mean deviation and k is the maximum 
value, and a is assumed to be positive. 


Proor. The error |x’|=|a—bm|= |a(1—b)+bx|, where x 
is the error of the measurement m. The probable value of 
| is 


| 
| 
| : 


112 W. D. BATEN 


P(| x’}) = fi a(1 — b) + bx| f(x)dx, 


[Feb., 


where f(x) is the error law. The quantity {a(1—b)+)x} is 


negative when 
a(i — b) 


b 
Hence 


P(| x’|) 


—R 
- f }a(1 — b) + bx} f(x)dx 


+ “fa(1 — b) + bx} f(x)dx 


—R 


a(1 — b) [neous + 


R -R 
+ a(i — bd) f(x)dx + b {- f xf(x)dx 


—R 


R 
=a(l— » f f(x)dx + 2 xf(x)dx 
R 


< a(1 — b)2ka(i — b)/b + 26 f xf(x)dx, 
0 
which is less than 


P(| x] ) -{ | «| f(x)dx, 


if 
2a7k(1 — b)?/b + 2br < 2f xf(x)dx, 
0 
or if 
2a*k(1 — b)? + 2b?r — 2br < 0, 
or if 
r 
—<6b<1. 
ak+r 


If the error law is the Gaussian law then the above result 


is identical to that obtained by Dodd who used altogether the 


Gaussian law. 


| 

| 
| 
| 

| 
- 
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THEOREM 5. Under the law f(x) =he*'*!/2, there exist values 
of the constant b such that the probable value of the absolute error 
of bm is less than the probable value of the absolute error of the 
measurement m. A sufficient condition for such a value is 

1— ah 


1 — ——————_ < <1, 
a*h? —ah+1 


where a is positive. 


Proor. By a similar process, 


R 
P(| x’|) = ha(1 — d) + hb 
0 R 
= a(1 — b)(1 — e~*®) + + 
Since 
= (1+ hR+ h?R?/2+---), 


we have e*® >hR and e~*® <1/(4R). We have also 


hh? R2 h? 
em = (1-14 - 4. 
2! 3! 
W2R? R? 
= IR - ( 
2! 3! 


The last parenthesis is positive, therefore 


< hR = — 
Therefore 
P(| «’|) S ha®(1 — b)2/b + + b/h, 


which is less than P( |x |) =1/h if 


h?a? — 2a*h?b + a*h?b? + hba(i — b) + b? <b, 
or 
1 — ah 
1 — < <1. 
ah? —ah+1 

The denominator is not zero unless ah, a, or h is imaginary. 
These cases are excluded here. If 1>ah the fraction in the first 
inequality is positive. For other cases the inequalities have no 
meaning. Theorem 4 gives a lower limit for b regardless of the 
true value of a. 

If the error law is 


| 
| 
| 
| 
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2h 
+ 


f(x) = 
we have 
1 
1 — < <1. 
2a7h? + 1 
Under the law 


(- x | 
)e 


we have 


3 
< < 1. 
a*h? + 3 


Under a type of Bayes function 


3h(1 — h?x?) 


= 
f(x) 
we have 
1 — < 5 <1. 
4a*h? + 1 
If 
fla) 
x) = 
a(eh= e~4=) 
we have 


a 1)"/(2n + 1)? 
ha? + 1)"/(2n + 1)? 


Under the error law 


f(x) = 


h 


2r(1/p) 


we have 


I'(2/p) 
ph?a* + T(2/p) 
Under the law f(x) =1/(2k), where k is a constant, we have 


2a? +- 


<6<i. 
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5. Concerning the Absolute Value of the Error of the Mean. 
If the Gaussian law is the error law for the individual errors, 
then the law for the mean of is also another Gaussian law. 
According to Theorem 4, we may write 


(5) <1, 


+ 1 
where B is a constant which is multiplied by the mean M. This 
indicates that the mean deviation of the mean is larger than the 
mean deviation of B times the mean, provided the law of error 
is the Gaussian law. This indicates that there is a better value 
than the mean for the true value, if the law is the Gaussian law. 

The method of random sampling from a known parent popu- 
lation may be employed to investigate the nature of B for other 
laws of error. Let the parent population consist of the variates 
X1, X2, X3, °°, Xs. Let samples of 7 variates be taken from this 
parent. It has been shown f that the mean of all possible sample 
means is equal to the mean of the parent population, if repeti- 
tions of samples are not allowed. 

Let the first sample mean of r variates be 

Zi 


r 


then the deviation of the first sample mean from the mean of the 
sample means is, in absolute value, 


r 
(41 ale 


r 


i,=x,— 


lA 


where the mean of the parent population is M,. 


¢ An editorial, Annals of Mathematical Statistics, vol. 1 (1930), pp. 101- 
121. See also the first footnote on page 61. 


| 
£4 
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The mean deviation of the sample means is found by finding 
the average of all possible |Z|’s and this is clearly less than 
or equal to the mean deviation of the parent population. The 
mean deviation of the sample means is 


|Z: | 


? 


Cr 
while the mean deviation of B times the sample means is 
BL 
i=1 i=1 
is 


where the summations are divided by ,C,; since there are that 
many possible samples that can be taken from the s variates. 
The mean deviation of B times the sample means is less than the 
mean deviation of the sample means if B is less than unity. If 
s goes to infinity the above is also true. 

The above inequalities for the Gaussian law give more in- 
formation than the above sampling method. B is not only less 
than 1 but it lies in a certain interval with the end points de- 
leted. This is found in (5). Going back to sampling, if the mean 
of the parent population is the true value then the mean devia- 
tion of B times the sample means is less than the mean deviation 
of the mean of the sample means. 

To be able to find the inequalities for B when other laws of 
error are used it is necessary to find the law for the mean when 
the law for the individual error law is known. 

The limits for 6 are not always the best limits, for under 
Theorem 1 the lower limit for 5 is found by setting the first 
derivative of (2) equal to zero and solving for b. This gives the 
middle of the interval as the lower limit of 6, which brings 6 
nearer to unity. 

Intervals for the constant b can be found wher. the higher 
moments are used. 

In general the coefficients b and B are so near to unity that 
bm and BM do not differ appreciably from m and M respec- 
tively, yet this is not always the case, notably, when the 
standard error of m is large relative to m. 


THE UNIVERSITY OF MICHIGAN 


1931.) ELLIPTIC FUNCTIONS 117 


ON THE TRIGONOMETRIC EXPANSION OF 
ELLIPTIC FUNCTIONS* 


BY M. A. BASOCO 


1. Introduction. The problem of expressing an elliptic func- 
tion in terms of infinite sums of trigonometric functions has 
been treated by Hermite,{ Briot and Bouquet,{ A. C. Dixon§ 
and others. In the present paper we treat the same problem 
from the point of view of Cauchy’s residue theorem in function 
theory, which is also Briot and Bouquet’s starting point, but 
we differ from these authors in that the integrand we use leads 
to an expansion for an elliptic function which is valid in an 
arbitrarily wide, but finite, strip of the complex plane, and 
which contains certain classical results as special cases. An 
interesting feature of our expansion is that it yields quite di- 
rectly the Fourier series development of the function. Some 
examples of this property are indicated as an illustration of the 
applicability of our formula. It should be noted that the 
integrand used was first given by F. Gomes Teixeira§ in another 
connection. 


2. Expansion of f(z). Let f(z) be an elliptic function with 
periods 7 and m7, where tr +7», vreal andy >0. Suppose that 
in a fundamental period cell f(z) has k poles, z=a, , (r=1, 
2,---+,4). Further, let the order of these poles be m,, so that 
in the neighborhood of z=a,, f(z) has the Laurent expansion 


(r) (r) (r) 


A» Ay 


— a,)™ (z — a,)? Z— a, 


(1) f(z) = 


where P(z—a,) is a power series in z—a,. 


* Presented to the Society, December 30, 1930. 

{ C. Hermite, Annales de Toulouse, vol. 2 (1888). (See also Halphen, vol. 1, 
p. 461.) 

t Briot and Bouquet, Théorie des Fonctions Elliptiques, 2d ed., 1875, p. 
286. 

§ A. C. Dixon, Quarterly Journal of Mathematics, vol. 34, p. 222. 

4] F. Gomes Teixeira, Sur les séries ordonnées suivant les puissances d'une 
fonction donnée, Journal fiir Mathematik, vol. 122, pp. 97-123. 


118 M. A. BASOCO [Feb., 


Consider a parallelogram pqrs consisting of (8+ 1) period cells 
above the real axis and a below, so that we may write |sp| =z 
and |pq|=|rr| (a+8+1). In this parallelogram, f(z) has 
(a+8+1)k poles which may be represented by the affixes 


/ a,— 
M N 


z= a, + 
m 


The function of ¢ 


S(te?* 


eriz 


€! 1 
= {— + an 


has, in the parallelogram pqrs, poles at t=z and t=a,+mmr; the 
corresponding residues are easily calculated and found to be 


m, (r) 


1 1 r 1 
4 


where D“-» is the differential operator of order (s—1) and 
@,,m is the argument a,+mmr which is to be substituted after 
the differentiation has been performed. 


L 
q’ 
/ 
= 1, 2,3,---,k; 
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On integrating $(¢) around the contour C of the parallelogram 
pqrs we obtain, by Cauchy’s theorem, the expression 
1 
f(z) = — 


(4) ” 


r=1 m=~—a 1)! 


In writing (4) we have also used the fact that for an elliptic 
function the sum of its residues in any period cell vanishes. 

The integral in (4) may be transformed into an infinite series 
in the following manner. Due to the fact that the integrand has 
the period 7, the integrals along pq and rs cancel. Further, 
along sp we have 


1 e? iz iz 


= 


e2it — ezit efit esit 


while along rq, 


1 1 
— gtis erie + esit 


It follows that our integral may be written in the form 


1 


n=0 


Interchanging the order of integration and summation, which 
is permissible, and using the notation 


1 
Gm — (n = 0,1, 2,-++); 
(5) 
Ci=—|_ f(de?*dt, (n = 1, 2,3,---), 


we may write the formula (4) in the form 


n=o 


(6) f(z) = 


+E 


=) r=1 m=—a (s — 


ctn (2 — 
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3. Advantage of the Function ¢(t). The particular advantage in 
using the integrand ¢(¢) is that it leads in a natural manner to 
the expressions in (5) for the constants C, and C_,, all of which, 
with the exception of Co, may be readily calculated. Thus, to 
compute C,, integrate f(#)e-*"** around the contour spp’s’ and 
apply Cauchy’s theorem. Proceeding in the usual manner, it is 
readily found that the sum of the residues of the integrand, 
relative to the poles t=a,—azmr, has the value 


(r) 
k my (— 2nt)* “1A, 


r=1 s=1 (s nal 1)! 


Furthermore, the integrals along pp’ and ss’ cancel while 


p—2nit Js — — p—2nit 
ow le di q dt, 
where, as usual, g =e**”. 

We therefore find that 


1 ont (s— 1)! 


e72nia, 


(7) 


? 


(n = 1, 2,3,---). 


It should be noticed that Cp is left undetermined. 

In a similar manner, applying the residue theorem to the 
function f(t)e***, using the parallelogram r’g’gr as contour of 
integration, we find that 


(r) 
gq?" k mr A: 


—_—g2nia, 


(8) 


If now, (7) and (8) are substituted in (6) we obtain the result 


2n8g—2ni(z—a,) 
nat (S — 1)1(1 — g?*) 


(9) (= } 


k ©) 


| A, (s—1) 
+ ——_D ctn (2 — wy.m); 


s=l m=—a (s 1)! 
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which is valid in the strip bounded by the lines KL and MN. 
The width of this strip is, of course, determined by the values of 
the integers a and £. 


4. Some Special Cases. The following special cases of (9) 
are of interest. First, suppose that all the pcles of f(z) are simple, 
so that m,=1; further leta=0,8=0. Then 


k 
f(z) =Cot+4 —— sin 2n(z — a,) 
=—1 1 — 
(10 k 
+ etn (z a;), 


which is another form of the classical formula of decomposi- 
tion 


(11) 
r=1 a,) 


where #;(z) is one of the Jacobi theta functions. 

Again, let a and B become infinite; then since the absolute 
value of g is less than unity, it is easily seen that (9) becomes 
Ag? 

— 


(12) f(2) =C+ > 


where 


which is given by Briot and Bouquet (loc. cit. p. 291). 
Various other forms may be given to formula (10). Thus, 
since we have the identity 


2 


=1+2 


n=1 


ictn (2 — a,) = 
(provided >y,, where and a,=A,+ip,), and since the 
sum of the residues is zero, we may write 


k 


n=1 1 


| 
1 
| 
J 2 
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which holds in a strip of the period cell such that I(z) >J(a,). 
In a similar manner, (10) may be written in the form 


k 


i= 
which is valid provided I(z) <I(a,). 


5. Conclusion. In this concluding section we shall use our 
formula (9) to obtain the Fourier series expansion of certain 
elliptic functions. We shall first consider the Weierstrass $ func- 
tion, which in the neighborhood of the origin has the expansion 


If in (9) we put 
a = 0,6 = 0, m, = 2,4; = 0, A: = 1,4, = 0, 


we obtain at once 
ng 2n 


—§ cos 2nz. 


sin*z at i- 


(15 7,77) = Cot 


The determination of Cy follows immediately from the fact that 
1 
lim ( e(z) — = 


1 
(16) c= 1+ 24 >> ———_ 


— 
n=l q 


Thus, we obtain 


Next, let us consider the square of the ¢ function: 
1 £2 
If, in (9), we put 
A; = Ao = A3 = 0, A, = lja@ = B = 0; mM, = 4, a, = 0 


it will follow, after a slight reduction, that 


| 

e(z) 

s* 20 

3 
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1 2 
(17) 9°(2, rr) = Co + — -— 
sint‘z 3sin?z 
cos 2nz. 


The constant Cy is now determined by the condition 


and the fact that 


4 
= — + 320 
82 3 1 


(see Tannery-Molk, vol. 4, p. 107). It is found that 


1 3,2n 


1 


As a last example we shall consider the square of the Jacobi 
sine-amplitude function and its reciprocal. In terms of the theta 
functions, these are essentially equivalent to 


023? 3? (2) 02970? (2) 
———— and ——— 
(z) (z) 


respectively. To obtain an expression for the first of these we 
put, in (9), 


aT 
a =B=0;Ai = 0, A2= 


The constant Cy is here determined by the fact that the function 
vanishes at the origin. After a slight calculation we obtain the 
expansion 


(z) ng” 1 


= 
(z) n=! 1 — ( 
sin 


= ng*” 
cos 2n (:-=). 


(19) 


| 
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which holds in a strip of the period cell such that J(z) >J(a,). 
In a similar manner, (10) may be written in the form 


k = 


n=1 | 
which is valid provided I(z) <I(a,). 


5. Conclusion. In this concluding section we shall use our 
formula (9) to obtain the Fourier series expansion of certain 
elliptic functions. We shall first consider the Weierstrass $ func- 
tion, which in the neighborhood of the origin has the expansion 


If in (9) we put 
a = 0,8 = 0, m, = 2, A; = 0, A2 = 1, a, = 0, 
we obtain at once 


— cos 2nz. 


(15 7, = 
n=l — 


The determination of Cy follows immediately from the fact that 
1 
lim ( g(z) — -) = 


ng?” =) 1 ae” 


Thus, we obtain 


3 — 


Next, let us consider the square of the ¢ function: 
1 £2 
= —+— 4+ a 
10 
If, in (9), we put 
= A, = Az; =0,A,=1;a = 6 = 0;m, = 4,a, = 0 


it will follow, after a slight reduction, that 


| 
1 £2 
os) = 
2? 20 
1 
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1 2 
17 97(z, =Cot+ 
(17) sin‘ z 3 sin? z 
16 
+— > : cos 2nz 
3 oul 1 


The constant Cy is now determined by the condition 


£2 
lim { - —)=—, 
220 ( ( 4 10 
and the fact that 
4 
= — + 320 
82 3 1 


(see Tannery-Molk, vol. 4, p. 107). It is found that 


1 
9 
As a last example we shall consider the square of the Jacobi 
sine-amplitude function and its reciprocal. In terms of the theta 
functions, these are essentially equivalent to 


(z) 02978? (z) 
0? (2) (z) 
respectively. To obtain an expression for the first of these we 
put, in (9), 


TT 
a =B=0;Ai = 0, A2= 


The constant Cp is here determined by the fact that the function 
vanishes at the origin. After a slight calculation we obtain the 
expansion 


(19) 


ng?” 
-8s> cos 2n (:-=). 


mam 


(z) = ng” 1 
sin? 


124 M. A. BASOCO [Feb., 


If we wee z by 2+77/2, we obtain 
1 ng?” 
(20) 9202" >> cos 2nz. 
(z sin? s a=1 1—g** 


From (19) we may derive a Fourier series in which the argu- 
ment is z. Thus, since 


1 — 4ge-?* 
= q 4 


(1 — ge~**)? n=1 
sin? | z — — 
2 


provided »<av/2, where z=£+7n and r=yu+uw, we find, after 


some reduction, 
(2) ng’ 
(21) = 8 — cos 2nz), 


which is valid in a strip bounded by lines through +7r/2 and 
parallel to the real axis. 
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A CONDENSED TABLE OF LINEAR FORMS* 
BY P. H. DAUS 


1. Introduction. In constructing his factor stencils,f D. N. 
Lehmer found it necessary to reconstruct the tables of linear 
forms for quadratic residues, due to the fact that all tables ex- 
isting at that time contained errors.{ The method of construc- 
tion depended upon the observation that if a and 6 are numbers 
such that both belong or both do not belong to the form, then 
c=ab, using the modulus of the form, belongs to the form. In 
particular, all powers of a number of the form belong to the 
form. The purpose of this paper is to indicate how a minimum 
number of entries may be made, from which all others may be 
obtained, and hence make it possible readily to check or con- 
struct the form for a given D. This is done with the aid of a 
table of odd primitive roots of primes, such tables being readily 
available. 


2. The Number of Required Entries. It is well known that the 
linear forms are of the following types: 


(1) D=1(mod 4), t: = o(D)/2, 
(2) D=2(mod 4), 4Dn+1,---,74, te = 26(D), 
(3) D=3(mod4), ts = ¢(D), 


where each ¢ is an odd integer less than the indicated modulus, 
such that D is a quadratic residue of 2Dn+r, whenever 2Dn-+r 
is a prime for type (1), and similar statements for types (2) and 
(3), and where ¢ is the totient function, ¢6(D) =¢(—D). 

Let D= +pife---, the p’s being distinct primes, and let / 
be the least common multiple of #:—1, p2.—1, - - - ; then the 


* Presented to the Society, November 29, 1930. 

{ Published by the Carnegie Institution of Washington, 1929. See also 
An announcement regarding factor stencils, this Bulletin, vol. 35 (1929), p. 684. 

t For tables of linear forms see M. Kraitchik, Théorie des Nombres, vol. 1, 
1922, pp. 164-186, and Recherches sur la Théorie des Nombres, vol. 1, 1924, pp. 
205-215. For a list of errors in these tables see D. H. Lehmer, this Bulletin, 
vol. 35 (1929), p. 865. These corrections have been republished by Kraitchik 
in his Recherches sur la Théorie des Nombres, vol. 2, 1929, pp. 180-182. 


_ 
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maximum exponent to which any integer belongs modulo D is I, 
and the existence of such integers follows from the existence of 
odd primitive roots of primes. For if p; is an odd primitive root 
of p;, then p;+2k;p; is also a primitive root of p;, and since the 
set of linear diophantine equations 


(4) pi t+ 2kipi = p2 + 2kope = --- =p 


always has a solution, it is possible to find a common primitive 
root of the p’s, and p belongs to the exponent / modulo D. It 
is not necessary that an integer r be a common primitive root 
to belong to the exponent /, for evidently each ~p;—1 contains 
the factor 2, and this factor need be introduced into the ex- 
ponent only once. 

If 7, be any integer belonging to the exponent /, such that 
(D/r,) =1, then the powers of 7; are all incongruent with respect 
to the modulus of the form and account for / entries of the form. 
If ¢;/l=m, (j7=1, 2,3), then it is merely necessary to seek m en- 
tries 71, Ti, such that (k=1,---,1), and 
such that (D/r;)=1. If Dis positive and if r,'/*4A —1, using the 
modulus of the form, then the number of required entries may 
be reduced by half by using the + sign with each entry. 


3. Linear Forms fora Prime. Case 1. If D= +p=1 (mod 4), 
and if p is any odd primitive root of p, then evidently r=p? 
belongs to the form and r is the required entry, r*, (k=1,---, 
(p—1)/2), giving all entries of the form. Case 2. If D= +p=3 
(mod 4), and if p is any odd primitive root of p, then D is a 
residue of either p or p+2p. Call the proper one r. Then r 
belongs to the exponent p—1=; and hence the form is indi- 
cated by 4Dn-+r*. 


4. Linear Forms for D Composite. The determination of lin- 
ear forms for a composite D is made to depend upon one or both 
of the following principles, illustrated by the case when D is the 
product of two primes. The method may be extended to the 
product of any number of primes, or the forms for the product 
of three primes may be made to depend upon those for two 
primes and so on. If D=pype, consider first the case when f;—1 
and ~,;—1 have no common factor other than 2. Then by in- 
spection of simple tables or the method indicated by (4), a com- 
mon primitive root may be found. This root belongs to the 


| 
i 
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exponent / and from it proper entries may be found as in Case 2 
above. Suppose secondly that ~,—1 is a factor of ~.—1, and 
that p is an odd primitive root of p2. Consider the set of integers 


(A) P+ 2p2, p + 


the number of entries being #1, 2; or 21 according as D=1, 2 
or 3 (mod 4). If D=1 (mod 4), this set taken modulo 24, will be 
the odd numbers from 1 to 24;—1 in some order, and hence will 
contain exactly the required number of r’s, namely, ($:—1)/2. 
They are incongruent to each other modulo 2D and also to 
r,, (R=1, 2,---,l=pe—1). For =re=n+2hp2 (mod fp») is 
impossible. Similarly, if D=2 or 3 (mod 4), the set taken mod- 
ulo 4p; will be the odd integers 1 to 4,—1 in some order, and 
will contain exactly the required number, ~,—1, of 7’s, all of 
which are incongruent to each other and to rf modulo 4D. 

In general if ;—1 and #.—1 have the common factor 2d, we 
may form the set (A) from the primitive roots of 2, and deter- 
mine the r’s. If D=1 (mod 4), there will be (:—1)/2 of them, 
which divide into d subsets of (f:—1)/(2d) each, numbers of 
each subset being congruent modulo D, but incongruent to num- 
bers of other subsets. For now 7°) =1, and rf =r2=n+2hpe 
has solutions; the number being //(f2—1) =($1—1)/(2d), all of 
which belong to one subset. Similarly, if D=2 or 3 (mod 4), the 
(p1—1) r’s divide into 2d subsets or, if we make + entries, into 
d subsets. The selection of one r from each subset, 7; being a 
common primitive root or at least belonging to exponent /, gives 
the complete set of entries. 


5. Numerical Illustrations. In this manner a condensed table 
of linear forms may be constructed. We conclude with a few nu- 
merical illustrations based upon multiples of 13, the smallest odd 
primitive root of which is 7. The notation 2Dn++7f# (1, re, - - -, Tm) 
indicates that the linear form is 


D=13=1 (mod 4), 77=23 (mod 26), 26n+23*. 
= —13=3 (mod 4), (D/7) =1, 52n+7*. 


D=26, (A) 7, 33, 59, 85; 59 and 85 are r’s, but since p*# —1 
(mod 104), only one is needed. 85=—19, hence 104n+19*. 
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D = —26, (A) as above, 7 and 85 are r’s, 104n+-7*(1, 85). 
D=39, two entries required, (39/7) =1, 156” +7*. 
D=—39, (A) 7, 33, 59; 59=r, 78n+59*. 


D=65, (A) 7, 33, 59, 85, 111; 7 and 33 are r’s, p*=—1 (mod 
130), so that + signs are not available. 130”%+7*(1, 33). 


D=-—65, (A) 7, 33, 59, 85, 111, 137, 163, 189, 215, 241; the 
r’s are readily found to be those =11, 13, 17, 19 (mod 20); the 
form is 260” +33*(1, 59, 111, 137). 


D=143=11X13, 1=60, m=2, 7 is a common primitive root 
and so is 41, 7 is not an r, 7+2 X143 =293 is, 41 is an r. Hence 
we may use either 5727 +293* or 572n +41". 


D=-—247=—13X19, 1=36, m=3, the r’s of the set (A) are 
indicated by underscoring, while 33 is found to be a common 
primitive root. 

(A) 7, 33,59, 85,111, 137, 163, 189, 215, 241, 267, 293, 319 
345, 371. 397, 423, 449, 475, The nine r’s divide into three sub- 


sets by maid use of 3 3312, namely 


(33, 59,345), (189,293,449), (241, 319, 371), 


and hence the form is 
494n+33*(1, 189, 241). 
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